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Abstract
In this paper, we provide a complete description of Vaisman structures on certain principal
elliptic bundles over complex flag manifolds, this description allows us to classify homogeneous
l.c.K. structures on compact homogeneous Hermitian manifolds. Moreover, by following [105], as
an application of the latter result, through these structures we explicitly describe all homogeneous
Hermitian metrics which solve the Hermitian-Einstein-Weyl equation on compact homogeneous
Hermitian-Weyl manifolds. The main feature of our approach is to employ elements of repre-
sentation theory of simple Lie algebras to describe Cartan-Ehresmann connections on principal
elliptic bundles over complex flag manifolds. From these connections, and from the recent re-
sult provided in [45], which states that any compact homogeneous l.c.K. manifold is Vaisman,
we obtain a classification of homogeneous l.c.K. structures on compact homogeneous manifolds.
Further, we also present a characterization for Ka¨hler covering of compact homogeneous l.c.K.
manifolds as regular locus of certain Stein spaces (with isolated singularity) defined by the com-
plex analytification of HV-varieties, e.g., [122], a.k.a. Kostant cones [125]. This characterization
of Ka¨hler covering allows us to describe the Kodaira-type embedding for compact homogeneous
l.c.K. manifolds [98] purely in terms of elements of representation theory of semisimple complex
algebraic groups.
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1 Introduction
A locally conformally Ka¨hler manifold (l.c.K.) is a conformal Hermitian manifold (M, [g], J) such
that for one (and hence for all) metric g in the conformal class the corresponding fundamental 2-form
Ω = g(J ⊗ id) satisfies dΩ = θ ∧ Ω, where θ is a closed 1-form. This is equivalent to the existence
of an atlas such that the restriction of g to any chart is conformal to a Ka¨hler metric. The 1-form
θ ∈ Ω1(M) is called the Lee form of the Hermitian structure (g, J) and plays an important role in the
study of l.c.K. manifolds, especially when M is compact, see for instance [44].
The geometry of l.c.K. manifolds has developed mainly since the 1970s, although, there are early
contributions by P. Libermann (going back to 1954), see for instance [83], [84]. The recent treatment
of the subject was initiated by I. Vaisman in 1976. In a long series of papers (see [35] and references
therein) he established the main properties of l.c.K. manifolds, demonstrated a connection with P.
Gauduchon’s standard metrics [44], and recognized the Boothby metric as l.c.K. [12]. From these, he
introduced the notion of generalized Hopf manifolds (g.H.m.), e.g. [120]. As pointed out in [101], the
name “generalized Hopf manifold” was already used by Brieskorn and van de Ven (see [11]) for some
products of homotopy spheres which do not bear Vaisman’s structure. Thus, the generalized Hopf
manifolds in the sense of I. Vaisman are known nowadays as Vaisman manifolds .
A l.c.K. manifold (M, [g], J) is said to be Vaisman if its Lee form θ is parallel with respect to the
Levi-Civita connection of g. The structure of compact Vaisman manifolds is well-understood, in fact,
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they are mapping tori of automorphisms of Sasakian manifolds cf. [102]. Moreover, it was recently
proved that every compact homogeneous l.c.K. manifold is Vaisman [45].
Another important feature of compact Vaisman manifolds is their relation with Einstein-Weyl
geometry. Recall that a Weyl manifold is a conformal manifold equipped with a torsion free connection
preserving the conformal structure, called Weyl connection, see for instance [41]. It is said to be
Einstein-Weyl if the symmetric trace-free part of the Ricci tensor of this connection vanishes cf. [58].
As observed by Pedersen, Poon and Swann in [105], compact l.c.K. manifolds with parallel Lee form
describe Hermitian-Einstein-Weyl spaces. Furthermore, under the Vaisman-Sasaki correspondence
provided in [102], the Einstein-Weyl Vaisman manifolds correspond to Sasaki-Einstein manifolds.
This latter comment can be illustrated by means of the Hopf fibration and the Hopf surface in the
following diagram:
S3 × S1
S3 S2
S1 T
1
C
S1
In the above diagram we have a basic example of Einstein-Weyl manifold given by the Hopf
surface S3 × S1, and Sasaki-Einstein manifold given by S3. A Hermitian-Einstein-Weyl structure on
the Hopf surface S3 × S1 can be obtained from a suitable globally conformally Ka¨hler (Ricci-flat)
structure on S3 × R. The key point is that the globally conformally Ka¨hler structure on S3 × R in
question can be completely determined by means of a principal S1-connection on the associated Hopf
fibration
S1 ↪→ S3 → S2, (1.1)
notice that the Hopf fibration connects the flat S1-fibration over S3 to the principal T 1C-fibration over
S2.
The basic example presented above fits in a broad setting, e.g. [75], [47], [46], [8], and an
interesting question that comes to mind is: What kind of information about the Hermitian-Einstein-
Weyl geometry of S3 × S1 is encoded in the representation theory which controls the homogeneous
Ka¨hler-Einstein geometry of S2 ? At first sight, we have the following facts as possible guidelines to
approach this last question:
• If we consider the identification S2 ∼= CP1, it is straightforward to show that S3×R+ ∼= O(−1)×,
where O(−1)→ CP1 is the tautological line bundle;
• From Borel-Weil theorem [17], [32], it follows that
H0(CP1,O(1))∗ = C2,
i.e., the dual space H0(CP1,O(1))∗ corresponds to the fundamental irreducible representation
of SL(2,C) defined by the canonical action on C2 cf. [7];
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• From the facts above we have
S3 × S1 = O(−1)×/Z, and O(−1)× = H0(CP1,O(1))∗\{0}.
• Notice that in this context we also have
CP1 = SL(2,C)
/(∗ ∗
0 ∗
)
,
and the Ka¨hler-Einstein structure on CP1 is determined, up to scale, by c1(O(1)) ∈ H2(CP1,Z).
• We can obtain a Hermitian-Einstein-Weyl structure on S3 × S1 = O(−1)×/Z from a suitable
principal T 1C-connection whose the curvature descends to a Ka¨hler-Einstein metric on CP1.
Motivated by the previous question and the aforementioned facts, the aim of this work is to study
principal elliptic bundles over complex flag manifolds from the perspective of the representation theory
which controls their complex and algebraic geometry. Our main goal is providing a complete descrip-
tion of Vaisman structures on principal elliptic bundles over complex flag manifolds and investigate
the applications for such a description in the study of compact homogeneous l.c.K. manifolds.
As pointed out in [94], by combining [119] with [102] one easily proves that compact homogeneous
Vaisman manifolds are mapping tori over the circle with fiber being a compact homogeneous Sasakian
manifold, and these ones are total spaces of Boothby-Wang fibrations over compact homogeneous
Ka¨hler manifolds [13]. These ideas generalize, in some suitable sense, the example described above
involving the Hopf surface and the Hopf fibration. Further, by considering the (strong) regularity of
the underlying canonical foliation in the homogeneous setting (see for instance [119], [30]), it can be
shown that compact homogeneous Vaisman manifolds can be realized as principal elliptic bundles over
compact homogeneous Ka¨hler manifolds. Thus, by following a recent result provided in [45], which
states that any compact homogeneous l.c.K. manifold is Vaisman, from our description of Vaisman
structures on elliptic bundles over complex flag manifolds, we provided a complete classification, up to
scale, of homogeneous l.c.K. metrics and homogeneous Hermitian-Einstein-Weyl metrics on compact
homogeneous Hermitian manifolds. The key point in our approach, in the last setting mentioned, is to
use elements of representation theory of simple Lie algebras in order to achieve an explicit description
for the Gauduchon gauge [44] on compact homogeneous l.c.K. manifolds.
Also, we present a complete characterization for Ka¨hler covering of compact homogeneous l.c.K.
manifolds as regular locus of Stein spaces (with isolated singularities) defined by the complex ana-
lytification of HV-varieties cf. [122], a.k.a. Kostant cone [125]. This last characterization of Ka¨hler
covering allows us to describe the Kodaira-type emebedding of compact homogeneous l.c.K. manifolds
provided in [98] purely in terms of elements of representation theory of semisimple complex algebraic
groups.
4
1.1 Main results
In this paper we provide the following results:
1. Description of Vaisman structures on elliptic bundles obtained as associated bundles to principal
C×-bundles over flag manifolds;
2. Classification, up to scale, of homogeneous l.c.K. structures on compact homogeneous Hermitian
manifolds by means of elements of Lie theory;
3. Concrete description and classification, up to scale, of homogeneous Hermitian-Einstein-Weyl
metrics on compact homogeneous Hermitian-Weyl manifolds by means of elements of Lie theory.
4. Description of Kodaira-type embedding of compact homogeneous l.c.K. manifolds into diagonal
Hopf manifolds by using representation theory of complex (semi)simple algebraic groups.
In order to give a detailed overview on the results listed above, let us recall some basic facts on the
geometry of flag manifolds.
A complex flag manifold X is a compact simply connected homogeneous complex manifold defined
by
X = GC/P = G/G ∩ P, (1.2)
where GC is a complex simple Lie group with compact real form given by G, and P ⊂ GC is a
parabolic Lie subgroup. Considering Lie(GC) = gC, if we choose a Cartan subalgebra h ⊂ gC, and a
simple root system Σ ⊂ h∗, up to conjugation, we have that P = PΘ, for some Θ ⊂ Σ, where PΘ is a
parabolic Lie subgroup determined by Θ, see for instance [3].
In the above setting, it is suitable to denote X = XP in order to emphasize the underlying
parabolic Cartan geometry of the pair (GC, P ). It is a well-known fact that XP is a compact simply
connected homogeneous Hodge manifold (cf. [16]) whose Picard group can be described by
Pic(XP ) =
⊕
α∈Σ\Θ
Zc1
(
Oα(1)
)
, (1.3)
such that Oα(1) = GC ×P C, α ∈ Σ\Θ, is a (homogeneous) holomorphic line bundle obtained as an
associated holomorphic vector bundle to the principal P -bundle
P ↪→ GC → XP ,
here the underlying C-linear holomorphic representation of P is defined by a holomorphic character
χωα : P → GL(1,C) = C×, see for instance [14], [31]. For the sake of simplicity, we also denote
Oα(k) := Oα(1)⊗ · · · ⊗ Oα(1)︸ ︷︷ ︸
k-times
, (1.4)
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for every k ∈ Z and every α ∈ Σ\Θ. Thus, given L ∈ Pic(XP ), one can write
L =
⊗
α∈Σ\Θ
Oα(−`α), (1.5)
such that `α ∈ Z, ∀α ∈ Σ\Θ. Moreover, we can consider the manifold Tot(L×) defined by the total
space of the principal C×-bundle
L× =
{
u ∈ L
∣∣∣∣ ||u|| 6= 0},
here we consider || · || as being the norm induced by some fixed Hermitian structure on L. For the
particular case when L→ XP is a negative line bundle, i.e., c1(L) < 0, we have an identification
Tot(L×) ∼= Q(L)× R+, (1.6)
where Q(L) is the Sasaki manifold defined by the sphere bundle associated to L, i.e.,
Q(L) =
{
u ∈ L
∣∣∣∣ ||u|| = 1}.
From this, by following the Vaisman-Sasaki correspondence provided in [102], and the results provided
in [117], [31], we obtain the following theorem:
Theorem 1. Let XP be a complex flag manifold, associated to some parabolic Lie subgroup P = PΘ ⊂
GC, and let L ∈ Pic(XP ) be a negative line bundle, such that
L =
⊗
α∈Σ\Θ
Oα(−`α),
where `α > 0, ∀α ∈ Σ\Θ. Then, for every λ ∈ C×, such that |λ| < 1, we have that the manifold
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z}, (1.7)
admits a Vaisman structure completely determined by the Ka¨hler potential KH : Tot(L
×) → R+,
defined in coordinates (z, w) ∈ L×|U by
KH
(
z, w
)
=
(∣∣∣∣sU(z)v+µ(L)∣∣∣∣2)ww, (1.8)
for some local section sU : U ⊂ XP → GC, where v+µ(L) is the highest weight vector of weight µ(L)
associated to the irreducible gC-module V (µ(L)) = H0(XP , L
−1)∗.
Under the hypotheses of the above theorem, we have that the Ka¨hler potential KH : Tot(L
×)→
R+ provided in Equation 1.8 allows us to explicitly describe a Vaisman structure on M = Tot(L×)/Γ.
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In fact, since M = Tot(L×)/Γ defines a principal T 1C-bundle over XP , from the potential 1.8 we have
a principal connection Ψ ∈ Ω1(M ;C) locally described by
Ψ =
1
2
(
dc −√−1d) log(KH(z, w)) = −√−1[∂ log (∣∣∣∣sUv+µ(L)∣∣∣∣2)+ dww
]
, (1.9)
for some local section sU : U ⊂ XP → GC. From this connection, if one considers the complex
structure J ∈ End(TM), induced from the complex structure on Tot(L×) via the projection map
℘ : Tot(L×)→M , we obtain a Hermitian metric on M defined by
g =
1
2
(
dΨ(id⊗ J) + ΨΨ
)
, (1.10)
cf. [117]. Thus, we have an associated conformal Hermitian structure (g, J) on M which is in fact
l.c.K., such that its Lee form θ ∈ Ω1(M) can be described from KH (locally) by
θ = −
[
d log
(∣∣∣∣sUv+µ(L)∣∣∣∣2)+ wdw + wdw|w|2
]
. (1.11)
It is straightforward to show that the Lee form above is parallel with respect to the Levi-Civita
connection induced from g, which implies that (M, g, J) is in fact a Vaisman manifold, e.g. [50,
Proposition 5.4]. Notice that the manifolds described in Theorem 1 are examples of l.c.K. manifolds
with potentials cf. [100].
An important consequence of Theorem 1 is that it allows us to classify homogeneous l.c.K. struc-
tures on compact homogeneous manifolds. Actually, recall that a compact l.c.K. manifold (M,J, g)
is said to be homogeneous l.c.K. manifold if it admits an effective and transitive smooth (left) action
of a compact connected Lie group K, which preserves the metric g and the complex structure J . In
this setting, we have
K = KssZ(K)0, (1.12)
where Kss is a closed, connected, and semisimple Lie subgroup with Lie(Kss) = [k, k], and Z(K)0 is the
closed connected subgroup defined by the connected component of the identity of the center of K (cf.
[71]). Recently, it was shown in [45] that any compact homogeneous l.c.K. manifold is Vaisman, since
compact homogeneous Vaisman manifolds are defined by principal elliptic bundles over flag manifolds
[119], the description obtained in Theorem 1 allows us to establish the following result:
Theorem 2. Let (M, g, J) be a compact l.c.K. manifold that admits an effective and transitive smooth
(left) action of a compact connected Lie group K, which preserves the metric g and the complex
structure J . Suppose also that Kss is simply connected and has a unique simple component. Then,
the following holds:
1. The manifold M is a principal T 1C-bundle over a complex flag manifold XP = K
C
ss/P , for some
parabolic Lie subgroup P = PΘ ⊂ KCss. Moreover, M is completely determined by a negative line
bundle L ∈ Pic(XP ), i.e.,
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
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for some λ ∈ C×, such that |λ| < 1.
2. The associated l.c.K. structure on M is completely determined by the global Ka¨hler potential
KH : Tot(L
×)→ R+, defined in coordinates (z, w) ∈ L×|U by
KH
(
z, w
)
=
(∣∣∣∣sU(z)v+µ(L)∣∣∣∣2)ww,
for some local section sU : U ⊂ XP → KCss, where v+µ(L) is the highest weight vector of weight
µ(L) associated to the irreducible kCss-module V (µ(L)) = H
0(XP , L
−1)∗.
The latter theorem provides a concrete way to describe homogeneous l.c.K. structures by using
elements of representation theory of simple Lie algebras. It is worth pointing out that, by following
the description of g as in Theorem 1, under the hypotheses of Theorem 2, we obtain a precise
description, up to homothety, for the standard Gauduchon metric [44] on any compact homogeneous
l.c.K. manifold, notice that b1(M) = 1, see for instance [120].
Given a compact l.c.K. manifold (M, [g], J), such that dimR(M) = n ≥ 6, without loss of gener-
ality one can suppose that the associated Lee form θ is harmonic [44]. By considering the Levi-Civita
connection ∇ obtained from the metric g, one can define a Weyl connection by setting
D = ∇− 1
2
(
θ  id− g ⊗ A
)
, (1.13)
such that A = θ], see for instance [127, page 125], [41] and [58]. It follows from [47] that, if the
underlying Hermitian-Weyl manifold (M, [g], D, J) is Hermitina Einstein-Weyl, i.e., the symmetrised
Ricci tensor of D is a multiple of g at each point, then the Ricci tensor Ric∇ associate to ∇ satisfies
Ric∇ = (n− 2)
(
||θ||2g − θ ⊗ θ
)
, (1.14)
cf. [47, Equation 40]. Moreover, in the latter setting we also have that ∇θ ≡ 0, which impiles that a
compact Hermitian-Einstein-Weyl manifold (M, [g], D, J) is particularly Vaisman.
By following [105], we have that every compact homogeneous Hermitina Einstein-Weyl manifold
can be obtained from a discrete quotient of the maximal root of the canonical bundle of a complex
flag manifold XP , i.e., a discrete quotient obtained from the complex manifold underlying the total
space of the frame bundle associated to the holomorphic line bundle
K
⊗ 1
I(XP )
XP
:= OXP (−1), (1.15)
here I(XP ) ∈ Z denotes the Fano index of XP . Combining Theorem 2 with [105, Theorem 4.2], we
obtain the following result:
Theorem 3. Let (M, [g], D, J) be a compact homogeneous Hermitian-Einstein-Weyl manifold, such
that dimR(M) ≥ 6, and let K be the compact connected Lie group which acts on M by preserving
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the Hermitian-Einstein-Weyl structure. Suppose also that Kss is simply connected and has a unique
simple component. Then, we have that
M = Tot(OXP (−`)×)/Z, (1.16)
for some ` ∈ Z>0, i.e., M is a principal T 1C-bundle over a complex flag manifold XP = KCss/P , for
some parabolic Lie subgroup P = PΘ ⊂ KCss. Moreover, the Hermitian-Einstein-Weyl metric g is
completely determined by the Lee form θg ∈ Ω1(M), locally described by
θg = − `
I(XP )
[
d log
(∣∣∣∣sUv+δP ∣∣∣∣2)+ I(XP )wdw + wdw|w|2
]
, (1.17)
for some local section sU : U ⊂ XP → KCss, where v+δP is the highest weight vector of weight δP
associated to the irreducible kCss-module V (δP ) = H
0(XP , K
−1
XP
)∗, and I(XP ) is the Fano index of XP .
The result above provides a concrete description of K-invariant Hermitian-Einstein-Weyl metrics
on compact homogeneous manifolds. Moreover, since in the setting above we have that b1(M) = 1,
and the corresponding Higgs field θg is harmonic K-invariant, it follows that, up to homothety, the
homogeneous Hermitian Eisntein-Weyl metric described in Theorem 3 is unique on (M,J).
It is worth mentioning that the classification provided by Theorem 3 is consistent with the classi-
fication of homogeneous Ka¨hler-Einstein metrics on compact homogeneous manifolds (in the sense of
Y. Matsushima [88]), i.e., a compact homogeneous complex manifold admits at most one, up to scale,
K-invariant Hermitian-Einstein-Weyl structure cf. [99, Conjecture 5.1]. The correspondence between
Kss-invariant Ka¨hler-Einstein metrics and K-invariant Hermitian-Einstein-Weyl metrics established
by Theorem 3 is codified in the global Ka¨hler potential
KH : Tot(OXP (−`)×)→ R+, KH
(
z, w
)
=
(∣∣∣∣sU(z)v+δP ∣∣∣∣2) `I(XP )ww, (1.18)
observe that the 1-form η = 1
2
dc log(KH) defines a contact structure on the sphere bundle of OXP (−`)
which descends to a Kss-invariant Ka¨hler-Einstein metric ω on XP , i.e., dη = pi
∗ω, such that
ω =
`
√−1
I(XP )
∂∂ log
(∣∣∣∣sUv+δP ∣∣∣∣2), (1.19)
for more details about the metric above, see for instance [6] and [31]. Therefore, through the Ka¨hler
potential 1.18 one gets a concrete correspondence between the desired Kss-invariant Ka¨hler-Einstein
metrics and K-invariant Hermitian-Einstein-Weyl metrics.
From Theorem 2 one can see that the geometry of compact homogeneous l.c.K. manifolds is closely
related to the projective algebraic geometry of complex flag manifolds. Being more precise, since
associated to each negative holomorphic line bundle L ∈ Pic(XP ) we have a projective embedding1
ι : XP ↪→ Proj
(
H0(XP , L
−1)∗
)
, (1.20)
1Here we consider the fact that a holomorphic line bundle over a complex flag manifold is positive, in the sense of
Kodaira, if and only if it is very ample, see [16, Theorem 2] and [27, Theorem 3.2.8].
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from Borel-Weil theorem, it follows that H0(XP , L
−1)∗ = V (µ(L)), for some suitable irreducible gC-
module V (µ(L)). Thus, the latter embedding above is given explicitly by ι(XP ) = P(GC · v+µ(L)), i.e.,
XP is embedded as the projectivization of the orbit G
C · v+µ(L) ⊂ V (µ(L))\{0}, where v+µ(L) ∈ V (µ(L))
denotes the associated highest weight vector of weight µ(L). The interesting feature of the projective
algebraic realization 1.20 of XP is that its affine cone Y ⊂ V (µ(L)) is given by
Y = GC · v+µ(L) = GC · v+µ(L) ∪ {0} = Spec
( +∞⊕
`=0
V (`µ(L))∗
)
. (1.21)
The underlying affine algebraic variety above is an example of HV-variety (cone of highest vector) cf.
[122], a.k.a. Kostant cone [125]. Considering Y as a complex analytic variety, we have that it defines
a Stein space with an isolated singularity at 0 ∈ Y . Furthermore, if we denote by Yreg the regular
locus of Y , it can be shown through the associated Cartan-Remmert reduction [53] of Tot(L) that
Tot(L×) ∼= Yreg, (1.22)
see for instance [1, Lemma 2]. Thus, the Ka¨hler covering provided in Theorem 2 for compact homo-
geneous l.c.K. manifolds can be realized as the regular locus of certain HV-varieties.
Figure 1: Examples of HV-varieties realized as affine cones over projective hyperquadrics.
Through of the above ideas, and the results introduced in [98], [100], we provide the following
Kodaira-type theorem for compact homogeneous l.c.K. manifold in terms of Lie theoretical elements:
Theorem 4. Let (M, g, J) be a compact l.c.K. manifold that admits an effective and transitive smooth
(left) action of a compact connected Lie group K, which preserves the metric g and the complex
structure J . Suppose also that Kss is simply connected and has a unique simple component. Then,
there exists a character χ ∈ Hom(TC,C×), for some maximal torus TC ⊂ KCss, and a holomorphic
embedding
R(Γ) : M ↪→ HΓ =
(
V (χ)\{0}
)
/Γ, (1.23)
such that V (χ) is an irreducible kCss-module with highest weight vector v
+
χ ∈ V (χ), and Γ ⊂ GL(V (χ))
is an infinite cyclic subgroup generated by λ · IdV (χ), where λ ∈ C×, with |λ| < 1. Moreover, we have
that
R(Γ)(M) = Yreg/Γ, (1.24)
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such that Yreg = K
C
ss · v+χ , where
Y = Spec
( +∞⊕
`=0
V (χ`)∗
)
. (1.25)
Therefore, every compact homogeneous l.c.K. manifold is biholomorphic to some quotient space of the
regular locus of the complex analytification of some HV-variety by a discrete group.
The result above shows that the embedding of compact l.c.K. manifolds provided in [98] takes an
explicit form in the homogeneous setting, i.e., under the hypotheses of Theorem 4, we have
M ∼=
(
KCss · v+χ
)
/Γ. (1.26)
Notice that Theorem 4 also clarifies the relation between compact homogeneous l.c.K. manifolds and
the Borel-Weil theorem. We also point out that Theorem 4 provides a concrete description for Ka¨hler
covering of compact homogeneous l.c.K. manifolds purely in terms of elements of Lie theory. In fact,
in the setting of Theorem 4, if one denotes by µM = (dχ)e the associated highest weight of V (χ), we
have the Ka¨hler covering Y of M characterized by
Y =
{
v ∈ V (χ)
∣∣∣ (CkCss − c(2µM)Id)(v ⊗ v) = 0}, (1.27)
such that CkCss ∈ U(kCss) is the Casimir element of kCss (here U(kCss) denotes the universal enveloping
algebra of kCss), c(2µM) = κ(2µM + 2%, 2µM), where κ denotes the Cartan-Killing form of k
C
ss and % is
the weight defined by the half-sum of the positive roots, see for instance [125], [85].
1.2 Outline of the paper
The content and main ideas of this paper are organized as follows:
In Section 2, we shall cover the basic material related to the Vaisman-Sasaki correspondence. In
Section 3, we present some basic results on strongly regular Vaisman manifolds realized as princi-
pal elliptic bundles over Ka¨hler manifolds. In Section 4, we shall explore some classical results on
Hermitian-Weyl geometry and on Hermitian-Einstein-Weyl geometry. In Section 5, we cover some
basic results about the realization of compact homogeneous l.c.K. manifolds as principal elliptic bun-
dles over complex flag manifolds. In Section 6, we prove Theorem 1, Theorem 2, Theorem 3 and
Theorem 4. In this last section, we also provide a huge class of examples which illustrate concrete
applications of our results.
2 Vaisman and Sasaki manifolds
In what follows we shall cover the basic generalities about the relation between compact Vaisman
manifolds and compact Sasaki manifolds. Further details about the results presented in this section
can be found in [102], [50], [20].
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2.1 Structure theorem for compact Vaisman manifolds
Let (M, g, J) be a connected complex Hermitian manifold such that dimC(M) ≥ 2. In what follows
we shall denote by Ω = g(J ⊗ id) the associated fundamental 2-form of (M, g, J).
Definition. A Hermitian manifold (M, g, J) is called locally conformally Ka¨hler (l.c.K.) if it satisfies
one of the following equivalent conditions:
1. There exists an open cover U of M and a family of smooth functions {fU}U∈U , fU : U → R,
such that each local metric
gU = e
−fUg|U , (2.1)
is Ka¨hlerian, ∀U ∈ U .
2. There exists a globally defined closed 1-form θ ∈ Ω1(M) such that
dΩ = θ ∧ Ω. (2.2)
Remark. Notice that the two conditions in the definition above tells us that
θ|U = dfU ,
∀U ∈ U , see for instance [35]. The closed 1-form θ ∈ Ω1(M) which satisfies the second condition in
the last definition is called the Lee form of a l.c.K. manifold (M, g, J). It is worth observing that,
if the Lee form θ of a l.c.K. manifold (M, g, J) is exact, i.e. θ = df , such that f ∈ C∞(M), then
it follows that (M, e−fg, J) is a Ka¨hler manifold. In what follows, unless otherwise stated, we shall
assume that θ is not exact, and θ 6≡ 0.
An important subclass of l.c.K. manifolds is defined by the parallelism of the Lee form with
respect to the Levi-Civita connection of g. Being more precise, we have the following definition.
Definition. A l.c.K. manifold (M, g, J) is called a Vaisman manifold if ∇θ = 0, where ∇ is the
Levi-Civita connection of g.
In order to establish some results which relate Vaisman manifolds to Sasakian manifolds, let us
recall some generalities on Sasaki geometry.
Definition. Let (Q, gQ) be a Riemannian manifold of dimension 2n+ 1. A contact metric structure
on (Q, gQ) is a triple (φ, ξ, η), where φ is a (1, 1)-tensor, ξ is a vector field and η is a 1-form, such
that:
1. η ∧ (dη)n 6= 0, η(ξ) = 1,
2. φ ◦ φ = −id + η ⊗ ξ,
3. gQ(φ⊗ φ) = gQ − η ⊗ η,
4. dη = 2gQ(φ⊗ id).
We denote a contact metric structure on Q by (gQ, φ, ξ, η). From this, we have the following
definition.
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Definition. A contact metric structure (gQ, φ, ξ, η) is called K-contact if LξgQ = 0, i.e. if ξ ∈ Γ(TQ)
is a Killing vector field.
In the setting of K-contact structures there is a special subclass which is defined as follows.
Definition. A K-contact structure (gQ, φ, ξ, η) on a smooth manifold Q is called Sasakian if[
φ, φ
]
+ dη ⊗ ξ = 0, (2.3)
where [
φ, φ
]
(X, Y ) := φ2
[
X, Y
]
+
[
φX, φY
]− φ[φX, Y ]− φ[X,φY ],
for every X, Y ∈ Γ(TQ). A Sasaki manifold is a Riemannian manifold (Q, gQ) with a K-contact
structure (gQ, φ, ξ, η) which satisfies 2.3.
An alternative way to define Sasakian manifolds can be described as follows. Given a K-contact
structure (gQ, φ, ξ, η) on a smooth manifold Q, one can consider the manifold defined by its metric
cone
C (Q) = Q× R+. (2.4)
Taking the coordinate r on R+ one can define the warped product Riemannian metric on C (Q) by
setting
gC = r
2gQ + dr ⊗ dr. (2.5)
Furthermore, from (φ, ξ, η) one has an almost-complex structure defined on C (Q) by setting
JC (Y ) = φ(Y )− η(Y )r∂r, JC (r∂r) = ξ. (2.6)
From the above comments, a Sasaki manifold can be defined as follows.
Definition. A contact metric structure (gQ, φ, ξ, η) on a smooth manifold Q is called Sasaki if
(C (Q), gC , JC ) is a Ka¨hler manifold.
Remark. It is worth mentioning that, in the setting of the last definition, by considering the Levi-
Civita connection ∇ defined by the metric gC on the warped product R+ ×r Q, it follows from [96,
Page 206] that
1. ∇r∂r(r∂r) = r∂r, ∇r∂r(X) = ∇X(r∂r) = X;
2. ∇X(Y ) = ∇QX(Y )− gQ(X, Y )r∂r.
Here X and Y denote vector fields on Q, appropriately interpreted also as vector fields on C (Q), and
∇Q is the Levi-Civita connection of gQ.
Given a Sasakian manifold (Q, gQ) with structure tensors (gQ, φ, ξ, η), for every λ ∈ R+ we can
define a smooth map τλ : C (Q)→ C (Q), such that
τλ : (x, s)→ (x, λs). (2.7)
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It is straightforward to show that τ ∗λgC = λ
2gC , i.e. τλ is a dilatation (homothety). Moreover, the
map defined above is also holomorphic with respect to the complex structure 2.6. Now, we observe
that the Ka¨hler form ωC = gC (JC ⊗ id) can be written as
ωC = d
(r2η
2
)
= rdr ∧ η + r
2
2
dη. (2.8)
Thus, by setting ψ = log(r) : C (Q)→ R, we obtain
ωC = e
2ψ
(
dψ ∧ η + dη
2
)
. (2.9)
If we consider Ω˜ = e−2ψωC , from the identification
pr1 × ψ : Q× R+ → Q× R,
it follows that the map τλ : C (Q)→ C (Q) transforms the coordinate ψ by
ψ 7→ ψ + log(λ),
it follows that τ ∗λΩ˜ = Ω˜, in fact,
τ ∗λΩ˜ = d
(
ψ + log(λ)
) ∧ η + dη
2
.
Therefore, if we take the manifold M = C (Q)/ ∼λ, where “ ∼λ ” stands for the equivalence relation
(x, s) ∼ (x, λs),
we obtain a l.c.K. structure (g, J) on M = Q × S1, where J is a complex structure induced by JC ,
and ℘∗g = Ω˜(id⊗ JC ), where ℘ : C (Q)→ C (Q)/ ∼λ, such that Ω˜ = e−2ψωC , namely,
Ω˜ = dψ ∧ η + dη
2
. (2.10)
Notice that if one sets θ˜ = −2dψ, it follows that
dΩ˜ = d(e−2ψωC ) = −2e−2ψdψ ∧ ωC = θ˜ ∧ Ω˜,
which implies that ℘∗θ = −2dψ, where θ is the Lee form associated to the l.c.K. structure (g, J)
described above on M = Q× S1. One can also verify that for this last l.c.K. structure the associated
Lee form θ satisfies ∇θ ≡ 0. In fact, by considering the Levi-Civita connection ∇˜ defined by the
Riemannian metric
g˜ = Ω˜(id⊗ JC ) = gQ + dψ ⊗ dψ, (2.11)
from Koszul’s identity one has
2g˜(∇˜X θ˜], Y ) = dθ˜(X, Y ) + (Lθ˜]g)(X, Y ), (2.12)
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∀X, Y ∈ Γ(TC (Q)), such that θ˜ = g˜(·, θ˜]). Since dθ˜ = 0, and
L ∂
∂ψ
g˜ =
(
L ∂
∂ψ
dψ
)⊗ dψ + dψ ⊗ (L ∂
∂ψ
dψ
)
= 0, (2.13)
it follows that ∇˜θ˜ ≡ 0. Thus, since the projection ℘ : (C (Q), g˜)→ (M, g) is a local isometry, it follows
that ∇θ ≡ 0, i.e. M = Q× S1 is a Vaisman manifold.
Remark. In the above description we implicitly used the fact that there exists a smooth function
f : C (Q) → R, such that Ω˜ = efωC , i.e. the metric induced by Ω˜ on C (Q) is globally conformal
Ka¨hler, e.g. [50, Lemma 5.3].
The last construction above is a quite natural way to obtain Vaisman manifolds by means of
Ka¨hler cones over Sasakian manifolds. More generally, given a Sasakian manifold Q, if we consider
an automorphism of the Sasakian structure ϕ : Q → Q, we can define ϕλ : C (Q) → C (Q), for some
λ ∈ R+, such that
ϕλ : (x, s)→ (ϕ(x), λs).
The map above also satisfies ϕ∗λgC = λ
2gC , and we can consider the manifold
Mϕ,λ = C (Q)/ ∼ϕ,λ, (2.14)
where “∼ϕ,λ” stands for the equivalence relation (x, s) ∼ (ϕ(x), λs). From these, we obtain a l.c.K.
manifold defined by Mϕ,λ. In the last setting above we have the following result.
Proposition 2.1 ([50], [66]). Let Q be a compact Sasakian manifold. Then the l.c.K. manifold Mϕ,λ
obtained from ϕλ : C (Q)→ C (Q) as before is Vaisman.
Notice that under the hypotheses of the last Proposition 2.1, if we denote
Γλ,ϕ =
{
ϕnλ
∣∣∣∣ n ∈ Z}, (2.15)
it follows that Mϕ,λ = C (Q)/Γλ,ϕ can be endowed with a structure of Vaisman manifold which comes
from the globally conformal Ka¨hler structure of the cone C (Q) = Q× R+.
Remark. It is worth pointing out that the group Γλ,ϕ aforementioned is a subgroup of the group
H(C (Q)) of biholomorphisms f : C (Q)→ C (Q), which satisfies f ∗gC = agC , for some a ∈ R+ (scale
factor).
Remark. In the general setting, i.e. when Q is not necessarily compact, we can consider the homo-
morphism
ρQ : H(C (Q))→ R+, (2.16)
which assigns to each element of H(C (Q)) its scale factor. Given a subgroup Γ ⊂ H(C (Q)) which
satisfies ρQ(Γ) 6= 1, if we suppose that f ◦ Φt = Φt ◦ f , ∀f ∈ Γ, where Φt denotes the flow of ∂∂ψ , and
that Γ acts freely and properly discontinuously on C (Q), it follows that MΓ = C (Q)/Γ is a Vaisman
manifold. The l.c.K. structure on MΓ is obtained from the globally conformal Ka¨hler structure which
we have on C (Q), see for instance [50, Proposition 5.4].
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Definition. Given a Vaisman manifold MΓ = C (Q)/Γ, obtained as above, we call the pair (C (Q),Γ)
a presentation of MΓ.
Remark. It is worthwhile to observe that every compact Vaisman manifold M has a natural presen-
tation (M˜ = C (Q˜),Γ), where M˜ is the universal covering space of M , and Γ = pi1(M), see [66]. The
universal covering presentation (M˜, pi1(M)) is also called the maximal presentation of M .
The next result provides a complete description of compact Vaisman manifolds in terms of
Sasakian manifolds.
Theorem 2.1 ([102]). Let (M, g, J, θ) be a compact Vaisman manifold. Then M admits a presentation
(C (Q),Γλ,ϕ), where Γλ,ϕ is defined by a Sasakian automorphism ϕ : Q→ Q and a dilatation τλ, such
that λ ∈ R+, λ > 1. Moreover, we have a Riemannian submersion fθ : M → S1, such that f−1θ (c) = Q,∀c ∈ S1.
Remark. Given a compact Vaisman manifold M , the relation between the universal covering space
presentation (M˜, pi1(M)) and the presentation (C (Q),Γλ,ϕ) provided by Theorem 2.1 is that
C (Q) = M˜/pi1(C (Q)), (2.17)
thus the Ka¨hler cone M˜ is just C (Q˜), where Q˜ is the Sasakian manifold given by the universal covering
space of Q. Moreover, the group Γλ,ϕ in Theorem 2.1 is given by the quotient group of pi1(M) by the
subgroup
Hθ =
{
[γ] ∈ pi1(M)
∣∣∣∣∣
∫
γ
θ = 0
}
, (2.18)
where θ ∈ Ω1(M) is the associated Lee form, i.e. we have Γλ,ϕ = pi1(M)/Hθ.
Given a presentation (C (Q),Γ) of a Vaisman manifold M , we have that ρQ(Γ) ⊂ R+ is a finitely
generated subgroup of R+, which implies that it is isomorphic to Zk, where 0 ≤ k ≤ b1(M). Notice
that if k = 0, it implies that M is a Ka¨hler manifold, thus the number k measures the distance of M
from being Ka¨hler.
An important fact related to Theorem 2.1 is that ρQ(Γλ,ϕ) ∼= Z, thus we have M = C (Q)/Z, such
that
Z =
〈
(x, s) 7→ (ϕ(x), λs)
〉
, (2.19)
notice that, since λ > 1, we have ker(ρQ) = {id}. Therefore, the presentation provided in Theorem
2.1 is the minimal one in the sense that Γλ,ϕ is the smallest group such that M = N/Γλ,ϕ, for some
Ka¨hler covering N . Further discussion about minimal presentations can be found in [51].
3 Vaisman manifolds and elliptic fibrations over Ka¨hler man-
ifolds
This section is devoted to present some basic results related to the canonical foliation of compact
Vaisman manifolds. The aim is to provide a precise description in terms of principal bundles and
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connections for strongly regular compact Vaisman manifolds, as well as for their geometric structures.
We also present a detailed exposition of such manifolds as quotient spaces of principal C×-bundles
over compact complex manifolds. Further details on the subject presented in this section can be found
in [120], [30], [117], [35].
3.1 The canonical foliation of a compact Vaisman manifold
Given a compact Vaisman manifold (M, g, J) one can consider the vector field A = θ] ∈ Γ(TM) (Lee
vector field), where g(X,A) = θ(X), ∀X ∈ Γ(TM). From this, one can take B = JA, and considers
the anti-Lee form ϑ = −θ ◦J . The vector fields A,B ∈ Γ(TM) are infinitesimal automorphism of the
Hermitian structure, i.e.
LAJ = LBJ = 0, and LAg = LBg = 0. (3.1)
Moreover, one can suppose also that ||θ|| = ||ϑ|| = 1, and [A,B] = 0, see for instance [120], [35, Pages
37-39].
The distribution generated by A,B ∈ Γ(TM) defines a foliation F which is completely integrable,
this foliation is called canonical (or characteristic) foliation of (M, g, J) cf. [120], [117].
As we shall see bellow, the leaves of F are totally geodesic and locally flat complex submani-
folds. Moreover, F is transversally Ka¨hlerian. Thus, F plays an important role when we investigate
topological and complex analytic properties of a compact Vaisman manifold.
Before we state the main theorem which ensures the aforementioned facts about F , let us collect
some basic results.
We recall an important result related to regular foliations on compact manifolds.
Lemma 3.1 (Palais, [104]). Let F be a regular foliation on a compact manifold M , then we have the
following facts:
1. The leaves of F are compact submanifolds of M ;
2. The leaf space M/F is a (Hausdorff) compact manifold;
3. The natural projection is a smooth map.
Remark. In general, given a foliated manifold (M,F) (rank (F) < dim(M)), the topology of the leaf
space M/F might be very complicated, possibly non-Hausdorff. Since we are interested in a more
restrictive setting, unless otherwise stated, we shall suppose that the leaf space M/F of a regular
foliation is Hausdorff.
Given a compact Vaisman manifold (M, g, J), with associated Lee form θ ∈ Ω1(M), we denote
F = FA ⊕FB, (3.2)
where FA is the foliation generated by A = θ] ∈ Γ(TM), and FB is the foliation generated by
B = JA ∈ Γ(TM).
Definition. A compact Vaisman manifold (M, g, J) is called regular, if F is a regular foliation, and
strongly regular, if FA and F are both regular.
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Now, we consider the following result.
Theorem 3.1. A compact l.c.K. manifold (M, g, J) is a regular Vaisman if and only if there exists
a flat principal S1-bundle pi : M →M/FA, with Q = M/FA being a connected and compact Sasakian
manifold. If this is the case, the restrictions of pi to the leaves of FA are covering maps.
Remark. It is worth pointing out that from Theorem 3.1, it follows that for every flat connection
β ∈ Ω1(M, u(1)) on a compact Vaisman manifold M , we can consider
Holβ : pi1(Q, x0)→ S1, (3.3)
where Holβ : [γ] 7→ e
∫
γ˜ β, denotes the holonomy representation induced by β, and γ˜ : S1 →M denotes
the horizontal lift of γ : S1 → Q with respect to β ∈ Ω1(M, u(1)). From this, we obtain that
M ∼= Q˜×Holβ S1 = Q˜× S1/pi1(Q, x0),
such that p : Q˜ → Q is the universal covering space of Q, it is worth mentioning that the twisted
product above is obtained by considering the action of pi1(Q, x0) on Q˜ by deck transformation, and
the action of pi1(Q, x0) on S
1 through the holonomy representation 3.3 induced by β. Since we have
a canonical flat connection β =
√−1θ, induced by the Lee form θ ∈ Ω1(M), we can realize M as an
associated bundle of the (trivial) principal S1-bundle defined by the Vaisman manifold Q˜ × S1, see
for instance [116, Chapter 4].
Remark. The relation between Theorem 2.1 and Theorem 3.1 is established by means of Tischler’s
Theorem [114] as follows. From Theorem 3.1, one can consider a flat connection β ∈ Ω1(M, u(1)),
let us denote also by β the induced closed 1-form on M . Fixing x0 ∈ M , and x˜0 ∈ M˜ , such that
p(x˜0) = x0, so one obtains the following induced maps from β:
1. fβ : M˜ → R, fβ(x˜) =
∫ x˜
x˜0
p∗β, ∀x˜ ∈ M˜ ,
2. Pβ : pi1(M,x0)→ R, Pβ([γ]) =
∫
γ
β, ∀[γ] ∈ pi1(M,x0).
The maps above are well defined, and they are related by
fβ([γ] · x˜) = fβ(x˜) +Pβ([γ]),
∀[γ] ∈ pi1(M,x0) = Deck(M˜), and ∀x˜ ∈ M˜ . Since Pβ is also a homomorphism, if one considers
Hβ = ker(Pβ), then one obtains an induced map from fβ on M˜/Hβ, i.e.
fβ : M˜/Hβ → R.
Now, if one considers the group generated by the periods of β, i.e. Per(β) = Pβ(pi1(M,x0)), and
Γβ = pi1(M,x0)/Hβ, the last map above descends to
fβ : M → R/Per(β).
Now, we have two possibilities:
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1. Per(β) ⊂ R is infinite cyclic subgroup,
2. Per(β) ⊂ R is dense in R,
more details about the facts above can be found in [116, Chapter 4]. The key point in Theorem 2.1
is that, if we take β = θ in the construction above, we obtain
fθ : M → R/Per(θ),
and Per(θ) ∼= Γθ ∼= Z. Thus, for a suitable automorphism ϕ : Q → Q, where Q ⊂ M stands for a
typical fiber of the fibration defined by fθ, one can show that
M ∼= Q×Z R,
where Z acts on Q×R, by n · (x, s) = (ϕn(x), s+ n), ∀(x, s) ∈ Q×R, and ∀n ∈ Z. This last action,
up to scale factor, turns out to be the action of Γλ,ϕ on Q× R as in Theorem 2.1.
The next result describes the properties of the leaves of the characteristic foliation F of a compact
Vaisman manifold (M, g, J) previously mentioned.
Theorem 3.2 ([120]). The characteristic foliation F is a complex analytic 1-dimensional foliation of
(M, g, J) with complex parallelizable leaves which are totally geodesic and locally flat submanifolds of
M . The metric of M is a bundle-like transversally Ka¨hlerian metric with respect to F .
The result above follows essentially from Equation 3.1 together with the identities
∇AA = ∇AB = ∇BA = ∇BB = 0,
the last statement of Theorem 3.2 follows from Equation 3.1 and [30, Theorem 6.2].
An important consequence of Theorem 3.2 is that one can describe locally the Riemannian metric
g associated to the underlying Hermitian structure h = g −√−1Ω by 2
g = habdz
a  dzb + 1
2
(
θ +
√−1ϑ
)

(
θ −√−1ϑ
)
, (3.4)
here we consider the (1, 0) cobasis {dza, θ+√−1ϑ}, where za, a = 1, . . . , n−1, are complex coordinates
which defines F (locally) by dza = 0, a = 1, . . . , n − 1. The bundle-like character of the metric 3.4
means that the coefficients hab depend only on z
a, za, a = 1, . . . , n− 1, see for instance [120].
Remark. It is worth observing that, by considering a compact Vaisman manifold (M, g, J), since
LAΩ = (LAg)
(
J ⊗ id)+ g((LAJ)⊗ id), (3.5)
it follows from Equation 3.1 and Cartan’s magic formula that
0 = LAΩ = ||θ||2Ω− θ ∧ ϑ+ dϑ. (3.6)
Thus, since ||θ|| = 1, it follows that Ω = −dϑ+ θ ∧ ϑ. From Equation 3.4, we conclude that
− dϑ = √−1habdza ∧ dzb, (3.7)
so the transversal Ka¨hler structure with respect to the characteristic foliation F is determined by the
anti-Lee form ϑ ∈ Ω1(M).
2Here we consider β1β2 = β1⊗β2+β2⊗β1,∀β1, β2 ∈ Ω1(M). Thus, we have ββ = 2<
(
β⊗β), ∀β ∈ Ω1(M)⊗C.
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Remark (Canonical Vaisman structure). As we have seen previously, we have a canonical globally
conformal Ka¨hler structure (Ω˜, JC ) on a Ka¨hler cone C (Q) over a Sasakian manifold Q, such that
Ω˜ =
dη
2
+ dψ ∧ η, and g˜ = gQ + dψ ⊗ dψ. (3.8)
see Equation 2.11. Now, by considering
θ˜ = −2dψ, and gQ = 1
2
dη(id⊗ φ) + η ⊗ η, (3.9)
it follows that
g˜ =
1
2
dη(id⊗ φ) + 1
2
(
η −√−1dψ
)

(
η +
√−1dψ
)
. (3.10)
Therefore, if we suppose Q as being compact, from Proposition 2.1 we have that the l.c.K. manifold
Mϕ,λ = (C (Q),Γϕ,λ), presented by some Γϕ,λ ⊂ H(C (Q)), is a compact Vaisman manifold with
Vaisman structure (Ω, J, θ) induced from (Ω˜, JC , θ˜), notice that ∇˜θ˜ ≡ 0, where ∇˜ is the Levi-Civita
connection associated to g˜.
The next result provides a precise description of compact strongly regular Vaisman manifolds in
terms of principal toroidal bundles [120], [30].
Theorem 3.3. Let (M, g, J) be a compact connected strongly regular Vaisman manifold. Then the
projection
pi : M →M/F ,
defines a principal T 1C-bundle over a compact Hodge manifold N = M/F . Moreover, M also defines
a flat principal S1-bundle over a compact Sasaki manifold Q = M/FA, which in turn can be realized
as a principal S1-bundle over N whose Chern class differs only by a torsion element from the Chern
class of the induced principal T 1C-bundle defined by M .
The converse of Theorem 3.3 is given by the following result.
Theorem 3.4 ([117]). Let pi : M → N be a holomorphic principal T 1C-bundle over a compact Ka¨hler
manifold. If M admits a connection Ψ with the following properties:
1. Ψ ◦ J = √−1Ψ,
2. there exists a Ka¨hler form ω on N , such that dΨ = cpi∗ω for a nonzero real constant c,
then M admits a Vaisman structure (Ω, J, θ), such that the leaves of the associate characteristic
foliation F coincides with the fibers of the bundle.
Notice that, under the hypotheses of Theorem 3.4, one can write Ψ ∈ Ω1(M ;C) as
Ψ = <(Ψ) +√−1=(Ψ). (3.11)
It follows from condition (1) of Theorem 3.4 that
<(Ψ) ◦ J = −=(Ψ). (3.12)
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Moreover, from condition (2) of Theorem 3.4 it can be easily derived that
d
(<(Ψ)) = cpi∗ω, and d(=(Ψ)) = 0, (3.13)
for a basic Ka¨hler form ω ∈ Ω1,1(N).
Therefore, from Ψ ∈ Ω1(M ;C) one can define the Riemannian metric on M by setting
g =
1
2
(
dΨ(id⊗ J) + ΨΨ
)
. (3.14)
It is straightforward to see that the fundamental form Ω = g(J ⊗ id) is given by
Ω =
c
2
pi∗ω −=(Ψ) ∧ <(Ψ) =⇒ dΩ = 2=(Ψ) ∧ Ω. (3.15)
Hence, from the aforementioned fundamental 2-form, it follows that the Lee form θ ∈ Ω1(M) associ-
ated to the l.c.K. structure defined by the connection 3.11 is given by
θ = 2=(Ψ). (3.16)
Also, it can be easily shown that ∇θ = 0, where ∇ is the Levi-Civita connection associated to the
Riemannian metric defined in 3.14, see [117, Theorem 4.1] for further details.
The results which we have briefly described so far provide an equivalence between the class of
compact strongly regular Vaisman manifolds and the class of holomorphic principal T 1C-bundles over
compact Hodge manifolds. Therefore, in the setting of compact strongly regular Vaisman manifolds
we have the following diagram of fibrations:(
C (Q), ωC , JC
) (
M,Ω, J, θ
) (
Q, gQ, φ, ξ, η
)
(
N,ω, J ′
)
Γ
T 1C
S1
S1
It is worth mentioning that the Riemannian geometry which underlies the diagram above is a fruitful
ground to study Kaluza-Klein theory and Riemannian submersions, e.g. [65], [39].
Example 3.1 (Hopf manifold and Hopf fibration). A well-known example which illustrates the situation
described above is provided by the following diagram
S3 × R S3 × S1 S3
S2
Z
T 1C
S1
S1
If one considers the identification S2 ∼= CP 1, and S3 ×R ∼= Tot(OCP 1(−1)×), where “Tot” stands for
the manifold underlying the total space of the principal C×-bundle, the last diagram can be rewritten
as
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Tot(OCP 1(−1)×) Tot(OCP 1(−1)×)/Z S3
CP 1
C×
Z
T 1C
S1
S1
As we have mentioned in the introduction, this example is a prototype for our approach from the
perspective o homogeneous geometry and Lie theory. We shall analyze it again after developing some
ideas.
3.2 Negative line bundles and principal elliptic bundles
As we have seen, every compact strongly regular Vaisman manifold can be realized as the total
space of a holomorphic principal T 1C-fibration over a compact Hodge manifold. In this subsection we
shall discuss how to construct such fibrations by means of negative line bundles over compact Hodge
manifolds. The idea is to describe in details a natural generalization for the prototype provided in
the last diagram of the previous subsection.
Let us recall some basic facts and generalities related to holomorphic line bundles over compact
complex manifolds.
Definition. Let L ∈ Pic(X) be a holomorphic line bundle over a compact complex manifold X. We
say that L is (Griffiths) negative if there exists a system of trivializations fi : L|Ui → Ui × C (with
transition functions gik) and a Hermitian metric H on L, such that
1. H(f−1i (z, w), f
−1
i (z, w)) = hi(z)|w|2, where hi : Ui → R+ is a smooth function,
2. KH : Tot(L
×)→ R+, KH(u) = H(u, u), is strictly plurisubharmonic.
Under the hypotheses of the definition above the following characterization will be important for
our approach.
Proposition 3.1 ([43]). A line bundle L ∈ Pic(X) is (Griffiths) negative if only if there exists a
system of positive smooth functions %i : Ui → R+, such that:
1. − log(%i) is strictly plurisubharmonic on Ui,
2. %i = |gik| · %k on Ui ∩ Uk.
In the setting of the proposition above, we have the Chern class of L ∈ Pic(X) represented by
the real (1, 1)-form ω ∈ Ω1,1(X) defined locally by
ω|Ui =
√−1
pi
∂∂ log(%i). (3.17)
Thus, since for L ∈ Pic(X) Griffiths negative we have − log(%i) strictly plurisubharmonic on Ui, it
follows that ω is a negative (1, 1)-form, which implies that L−1 is positive in the sense of Kodaira. It
is straightforward to show that a positive line bundle L (in the sense of Kodaira) has its inverse L−1
Griffiths negative.
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Remark. Notice that, given a Griffiths negative line bundle L ∈ Pic(X) with a Hermitian structure
H, since on each open set L|Ui we have
H(f−1i (z, w), f
−1
i (z, w)) = hi(z)|w|2,
by setting hi =
1
%2i
, from the Chern connection ∇|Ui = d + H−1∂H induced form the Hermitian
structure H, it it follows that c1(L,∇) = [ω], where ω is given in Equation 3.17. It is worth pointing
out that this description of c1(L) does not depend on the choice of the Hermitian structure. For
further details on this subject we suggest [43], [64].
Given a compact complex manifold X, and a negative line bundle L ∈ Pic(X), by fixing a
Hermitian metric as in Remark 3.2 on L, one can consider the sphere bundle
Q(L) =
{
u ∈ L×
∣∣∣∣ √H(u, u) = 1}. (3.18)
By taking a Chern connection ∇ on L induced from H, we obtain a system of (1, 0)-forms Ai ∈
Ω1,0(Ui), such that ∇|i = d + Ai. If one sets Ai = 12(Ai − Ai), on each Ui ⊂ X, then one obtains a
connection 1-form η′ ∈ Ω1(Q(L); u(1)), locally given by
η′ = pi∗Ai +
√−1dσi, (3.19)
such that pi : Q(L) → X is the natural principal S1-bundle projection, see [72, Proposition 1.4].
Moreover, it follows that √−1
2pi
dη′ =
√−1
2pi
pi∗F∇, (3.20)
where F∇ is the curvature of ∇. Since L is negative, one can define a contact structure on Q(L) by
setting η = −√−1η′.
Now, we consider the following result.
Theorem 3.5 ([92], [56]). Let Q be a principal U(1)-bundle over a complex manifold (N, J ′). Suppose
we have a connection 1-form
√−1η on Q such that dη = pi∗ω. Here pi denotes the projection of Q
onto N , and ω is a 2-form on N satisfying
ω(J ′X, J ′Y ) = ω(X, Y ),
for X, Y ∈ Γ(TN). Then, we can define a (1, 1)-tensor field φ on M and a vector field ξ on M such
that (φ, ξ, η) is a normal almost contact structure on M .
Remark. Let us recall that an almost contact manifold is a (2n+1)-dimensional smooth manifold M
endowed with structure tensors (φ, ξ, η), such that φ ∈ End(TM), ξ ∈ Γ(TM), and η ∈ Ω1(M),
satisfying
φ ◦ φ = −id + η ⊗ ξ, η(ξ) = 1. (3.21)
An almost contact structure is said to be normal if additionally satisfies[
φ, φ
]
+ dη ⊗ ξ = 0, (3.22)
where [φ, φ] is the Nijenhuis torsion of φ (see Equation 2.3).
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If we apply Theorem 3.5 above onQ(L) defined in 3.18, we obtain a Sasakian structure (gQ(L), φ, ξ, η)
on Q(L), see [20, Chapter 6], such that
η = −√−1η′, ξ = ∂
∂σ
, φ(X) :=
{
(J ′pi∗X)H , if X⊥ξ.
0 , if X ‖ ξ. (3.23)
Here we denote by (J ′pi∗X)H the horizontal lift of J ′pi∗X relative to the connection
√−1η ∈ Ω1(Q(L); u(1)),
and
gQ(L) =
1
2
dη(id⊗ φ) + η ⊗ η. (3.24)
Notice that in the definition of the above metric we have dη = pi∗ωX , where ωX ∈ Ω1,1(X) is a Ka¨hler
form, such that −ωX ∈ 2pic1(L).
As we have seen so far, on can associate to every negative line bundle L over a compact complex
manifold X a Sasaki manifold Q(L), with structure tensors (gQ(L), φ, ξ, η) completely determined by
a principal connection
√−1η ∈ Ω1(Q(L); u(1)). Moreover, we have
Tot(L×) ∼= Q(L)× R+, (3.25)
such that the above isomorphism is defined by
u ∈ Tot(L×) 7→
(
u√
KH(u)
,
√
KH(u)
)
∈ Q(L)× R+, (3.26)
where KH : Tot(L
×)→ R+, KH(u) = H(u, u), see Definition 3.2.
Remark. It is straightforward to show that the identification 3.25 also provides an identification as
complex manifolds between Tot(L×) and (C (Q(L)), JC ), here JC is defined as in 2.6. In fact, we have
(C (Q(L)), JC ) as a holomorphic principal C×-bundle over X for which the underlying C×-action is
defined by the flow of the holomorphic vector field ξ − √−1JC (ξ)3, so the isomorphism 3.25 is an
isomorphism of holomorphic principal C×-bundles. Furthermore, by taking r2 = KH , from this last
identification, we obtain √−1
2
∂∂KH = d
(r2η
2
)
, (3.27)
which implies that KH : Tot(L
×)→ R+ defines a global Ka¨hler potential. Actually, locally we have
KH(f
−1
i (z, w)) = KH(z, w) = hi(z)ww = e
log(hi(z))ww,
where fi : L|Ui → Ui × C is a local trivialization. Thus, it follows that
∂∂KH = e
log(hi)|w|2
[
∂ log(hi)∧∂ log(hi)+
(dw
w
)
∧∂ log(hi)+∂ log(hi)∧
(dw
w
)
+∂∂ log(hi)+
(dw
w
)
∧
(dw
w
)]
.
Now, since we have r2 = KH , we obtain
w = re−
log(hi)
2 e
√−1σi , (3.28)
which implies that
3Notice that, from Remark 2.1 it follows that r∂r is real holomorphic, i.e. Lr∂rJC = 0, which implies that that
ξ = JC (r∂r) is real holomorphic, so we have that ξ −
√−1JC (ξ) is holomorphic, see for instance [93].
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dw
w
=
dr
r
− d log(hi)
2
+
√−1dσi, dw
w
=
dr
r
− d log(hi)
2
−√−1dσi,
from this we have
∂∂KH = r
2
[
dr
r
∧ ((∂ − ∂) log(hi)− 2√−1dσi)+ ∂∂ log(hi)].
Since hi =
1
%2i
, see Remark 3.2, it follows from Equation 3.17, and Equation 3.19, that
√−1
2
∂∂KH = rdr ∧ η + r
2
2
dη = d
(r2η
2
)
.
Hence, we have the equality given in Equation 3.27.
From the last computations, given a negative line bundle L → X, over a compact complex
manifold X, we can use the characterization 3.25 to construct elliptic fibrations over X as follows.
Let λ ∈ C×, such that |λ| < 1, from this we can consider the infinite cyclic group
Γλ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z}. (3.29)
Since L× defines a principal C×-bundle over X, we can consider the action of Γλ ⊂ C× on Tot(L×)
by restriction. From the identification Tot(L×) = C (Q(L)), it follows that
u · a 7→
(
u√
KH(u)
a
|a| , |a|
√
KH(u)
)
, (3.30)
∀a ∈ Γλ, and ∀u ∈ Tot(L×). Therefore, since λ = |λ|e
√−1σ(λ), we have that the action of Γλ on
Tot(L×) corresponds to the action of Γ|λ|,σ(λ) on C (Q(L)) (see 2.15), where σ(λ) : Q(L) → Q(L) is
defined by
σ(λ) : x 7→ x · e
√−1σ(λ),
∀x ∈ Q(L), i.e. σ(λ) is an automorphism, which preserves the Sasakian structure of Q(L), in-
duced by the flow of ξ. From this, we can consider ϕλ : C (Q(L)) → C (Q(L)), such that ϕλ(x, s) =
(σ(λ)(x), |λ|s), ∀(x, s) ∈ C (Q(L)), and describe the group Γλ as
Γλ =
{
ϕnλ ∈ Diff
(
C (Q(L))
) ∣∣∣∣ n ∈ Z}.
It is straightforward to check that 4 Γλ ⊂ H(C (Q(L))), see Remark 2.1, and also that ρQ(L)(Γλ) 6= 1,
see Remark 2.1. Now, if we consider ψ = log(r) : C (Q(L)) → R, we can check that every ϕnλ ∈ Γλ
transforms the coordinate ψ by
4It is a consequence of the fact that ξ and r∂r are real holomorphic vector fields, so their associated flow are
biholomorphism of (C (Q(L)), JC ). From this, it is not difficult to see that ϕλ : C (Q(L))→ C (Q(L)) is obtained from
the flow of ξ and r∂r.
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ψ 7→ ψ + n log(|λ|).
Thus, by taking the flow Φt of
∂
∂ψ
, it follows that
Φt
(
ϕnλ(x, ψ)
)
=
(
x · e
√−1σ(λ), ψ + n log(|λ|) + t) = ϕnλ(Φt(x, ψ)),
which implies that Φt ◦ ϕnλ = ϕnλ ◦ Φt. Therefore, we have that
MΓλ = Tot(L
×)/Γλ =
(
C (Q(L)),Γλ
)
, (3.31)
defines a Vaisman manifold, see Remark 2.1 or [50, Proposition 5.4].
Now, let us briefly discuss the aspects of MΓλ as a principal bundle over X. At first, consider
$ =
log(λ)
2pi
√−1 , (3.32)
here as before we have λ ∈ C×, such that |λ| < 1. From this, it follows that the imaginary part of $
is a positive real number. Now, we can take the lattice
Λ = Z+$Z, (3.33)
and consider the complex elliptic curve
E(Λ) = C/Λ. (3.34)
From the natural projection map piΛ : C → E(Λ), we can define a homomorphism h : C× → E(Λ),
such that
h(w) = piΛ
(
log(w)
2pi
√−1
)
, (3.35)
∀w ∈ C×. It follows that ker(h) = Γλ, which implies that
E(Λ) ∼= C×/Γλ. (3.36)
Therefore, since that L× is a principal C×-bundle over X, it follows that
MΓλ = L
×/Γλ =
(
L× × E(Λ))/C×. (3.37)
Thus, we have MΓλ realized as an E(Λ)-bundle over X, e.g. [72]. Notice that, since Γλ ⊂ C× is a
normal subgroup, and E(Λ) = T 1C, we have that MΓλ is in fact a principal T 1C-bundle over X, see for
instance [55, Proposition 2.2.20].
Remark (Vaisman structure and principal C×-connections). In the above setting, in order to provide
an explicit description of the Vaisman structure on MΓλ in terms of its principal bundle features, we
proceed as follows: Considering MΓλ as a principal elliptic bundle over X, we can obtain a connection
on MΓλ , satisfying the the conditions of Theorem 3.4, from a principal C×-connection on L×. In order
to see that, we define Ψ˜ ∈ Ω1(L×;C), such that
<(Ψ˜) = 1
2
dc log(KH), and =(Ψ˜) = −1
2
d log(KH), (3.38)
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where dc =
√−1(∂−∂). Notice that from the differential 1-forms in 3.38 we can recover the canonical
globally conformally Ka¨hler structure on Tot(L×) given in Remark 3.1. Actually, if we consider
Tot(L×) = C (Q(L)), by setting r2 = KH , it follows that θ˜ = −2dψ, where ψ = log(r) (see Equation
3.9). Moreover, we have
dc log(KH(z, w)) =
√−1(∂ − ∂) log(hi(z))−
√−1
|w|2
(
wdw − wdw), (3.39)
where (z, w) are local coordinates in L×|Ui , see Definition 3.2. Since w ∈ C×, it can be represented
by polar coordinates as in Equation 3.28, which provides
√−1
|w|2
(
wdw − wdw) = −2dσi.
Therefore, by rearranging expression 3.39, from Equation 3.19 we can write
dc log(KH(z, w)) = 2
[√−1
2
(∂ − ∂) log(%2i ) + dσi
]
= 2η. (3.40)
Hence, we obtain from Ψ˜ ∈ Ω1(L×;C), defined as 3.38, that
Ω˜ =
1
2
d
(<(Ψ˜))−=(Ψ˜) ∧ <(Ψ˜), (3.41)
see Equation 3.8. From this, we see that the differential 1-forms in 3.38 define completely the globally
conformally Ka¨hler structure on Tot(L×) = C (Q(L)) presented in Remark 3.1.
Now, in order to verify that Ψ˜ defined above is a principal C×-connection, we notice that:
1. a∗Ψ˜ = Ψ˜, ∀a ∈ C×,
2. v 7→ <(v)ξ + =(v)JC (ξ), ∀v ∈ C = Lie(C×).
The item (1) above follows from 3.30, i.e. a = (e
√−1σ(a), τ|a|), where e
√−1σ(a) preserves the underlying
Sasakian structure of Q(L), and τ|a| : C (Q(L)) → C (Q(L)) is a homothety of dilation factor |a|, see
2.7. Hence, we have
a∗η = η, and a∗(dψ) = d(ψ + log(|a|)).
The item (2) follows from the identification C× ∼= S1 × R+, and also from 3.30, it is straightforward
to check that the map in (2) is the infinitesimal action of Lie(C×). Thus, we have Ψ˜(v˜) = v, where
v˜ is the fundamental vector field corresponding to v ∈ Lie(C×). Notice that, since ξ and r∂ = JC
are real holomorphic, the flow Φvt : (C (Q(L)), JC ) → (C (Q(L)), JC ), associated to the fundamental
vector field v˜, defines a biholomorphism for any v ∈ Lie(C×).
Remark. It is worth mentioning that, under the identification (TC (Q(L)), JC ) ∼= T 1,0C (Q(L)), pro-
vided by the map
X ∈ (TC (Q(L)), JC ) 7→ X −√−1JC (X) ∈ T 1,0C (Q(L)),
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the infinitesimal action of Lie(C×) given in item (2) also can be described as
v ∈ Lie(C×) 7→ v(ξ −√−1JC (ξ)) ∈ T 1,0C (Q(L)). (3.42)
Thus, the connection Ψ˜ ∈ Ω(L×;C) corresponds precisely to the dual of the holomorphic vector field
ξ −√−1JC (ξ) as an element in Ω1,0(C (Q(L))).
Now, since η = −dr
r
◦ JC , and Ψ˜ = η −
√−1dr
r
, it follows that
Ψ˜ ◦ JC = η ◦ JC −
√−1dr
r
◦ JC =
√−1Ψ˜. (3.43)
From the theory of connections on principal bundles [95, Section 10], we have that the princi-
pal C×-connection Ψ˜ ∈ Ω1(L×;C) described above induces a unique principal T 1C-connection Ψ ∈
Ω1(L×/Γλ;C), such that
℘∗Ψ = Ψ˜, (3.44)
where ℘ : L× → L×/Γλ is the natural projection. Moreover, since the induced complex structure J
on Tot(L×)/Γλ satisfies ℘∗ ◦ JC = J ◦ ℘∗, it follows that Ψ ◦ J =
√−1Ψ. Now, if we denote by
pΛ : L
×/Γλ → X the projection map, it follows that
dΨ = p∗ΛωX , (3.45)
such that ωX = −
√−1∂∂ log(%2i ) is a Ka¨hler form on X, see Equation 3.40, and Equation 3.17. Notice
also that, in this case, we have dη = pi∗ωX . Therefore, by applying Theorem 3.4, we have a Vaisman
structure (g, J) on MΓλ , such that J is the complex structure induced from JC , and
g =
1
2
(
dΨ(id⊗ J) + ΨΨ
)
, (3.46)
where Ψ ∈ Ω1(MΓλ ;C) is a principal T 1C-connection. Moreover, the Lee form θ ∈ Ω1(MΓλ) in this case
is given by θ = 2=(Ψ), see Equation 3.16, and we have
℘∗θ = 2=(Ψ˜) = −d log(KH), (3.47)
thus we obtain θ˜ = −2dψ = ℘∗θ, where ψ = log(r). It is worth pointing out that, from Equation
3.44, we have
℘∗Ω = dψ ∧ η + dη
2
, and ℘∗g = gQ(L) + dψ ⊗ dψ, (3.48)
where gQ(L) is the Sasaki metric given in 3.24. Therefore, we have that, in this case, the Vaisman
structure obtained from the connection Ψ ∈ Ω1(MΓλ ;C) is exactly the canonical Vaisman structure
obtained from the Ka¨hler cone C (Q(L)), see Remark 3.1.
Before we move on to our next topic, let us summarize the results which we have covered so
far. As we have seen, for a pair (X,L) composed by a compact complex manifold X, and a negative
holomorphic line bundle L ∈ Pic(X), one can associate to a diagram
Tot(L×) Tot(L×)/Γ Q(L)
X
C×
Γ
T 1C
S1
S1
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for some choice of Γ = Γλ, such that λ ∈ C×, |λ| < 1. Moreover, we have a principal C×-connection
1-form on L×
Ψ˜ =
1
2
(
dc −√−1d) log(KH) = −√−1∂ log(KH), (3.49)
which encodes all the information about the associated Riemannian geometry which underlies the
above diagram. Being more precise, we have that the Ka¨hler potential KH : Tot(L
×) → R+, allows
us to equip the previous diagram with geometric structures as follows:(
Tot(L×), ωC , JC
) (
Tot(L×)/Γ, g, J
) (
Q(L), gQ(L), φ, ξ, η
)
(X,ωX)
C×
Γ
T 1C
S1
S1
The geometries obtained from KH are:
• (Tot(L×), ωC , JC ) and (X,ωX) (Ka¨hler manifolds);
• (Tot(L×)/Γ, g, J) (l.c.K. manifold);
• (Q(L), gQ(L), φ, ξ, η) (Sasaki manifold).
As one can see, the Ka¨hler potential KH : Tot(L
×)→ R+ plays an important role in the study of the
relations between the geometries described above. Thus, an important task to be considered in the
homogeneous setting will be to provide a concrete description for such potentials, we shall do this
later. Also, observe that the latter diagram provides the appropriate generalization for Example 3.1.
4 Generalities on Hermitian-Weyl geometry
In this section, we provide a brief account on Weyl manifolds and Einstein-Weyl metrics. In what fol-
lows, by following [47] and [105], we shall provide a complete characterization of Hermitian-Einstein-
Weyl manifolds, with strongly regular underlying Vaisman structure, in terms of the geometry of
certain Calabi-Yau cones associated to Sasaki-Einstein manifolds. As we shall see, this last character-
ization fits in the context of principal elliptic bundles described in the previous section, which allows
us to use connections and curvatures of principal bundles to describe solutions of the Hermitian-
Einstein-Weyl equation on compact Hermitian-Weyl manifolds.
4.1 Hermitian-Weyl structures and l.c.K. manifolds
Recall that a conformal structure on M is an equivalence class 5 [g] of Riemann metrics on M , such
that
[g] =
{
efg
∣∣∣ f ∈ C∞(M)}. (4.1)
5We say that two Riemannian metrics g and g′ are equivalent if and only if g′ = efg, where f is a smooth function
on M .
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A manifold with a conformal structure is called a conformal manifold.
Given a conformal manifold (M, [g]), we have the following notion of compatible connection with
the conformal class [g].
Definition. A Weyl connection D on a conformal manifold (M, [g]) is a torsion-free connection
which preserves the conformal class [g]. In this last setting, we say that D defines a Weyl structure
on (M, [g]) and that (M, [g], D) is a Weyl manifold.
In the above definition by preserving the conformal class it means that for each g′ ∈ [g], we have
a 1-form θg′ (Higgs field) such that
Dg′ = θg′ ⊗ g′. (4.2)
The Equation 4.2 is conformally invariant in the sense that, if h = efg′, f ∈ C∞(M), then
θh = θg′ + df. (4.3)
From this, under a conformal change g 7→ efg, we have θg 7→ θg + df , ∀f ∈ C∞(M). Conversely, if we
start with a Riemannian manifold (M, g) and a fixed 1-form θ ∈ Ω1(M) (with A = θ]), we can define
a connection by setting
D = ∇g − 1
2
(
θ  id− g ⊗ A
)
, (4.4)
where ∇g is the Levi-Civita connection associated to g 6. It is straightforward to show that the
aforementioned connection defines a Weyl structure on (M, [g]) which satisfies Dg = θ ⊗ g.
Remark. It is worth mentioning that, for any Riemannian manifold (Mn, g), by fixing a metric con-
nection ∇, i.e. ∇g ≡ 0, under a conformal change g˜ = e−2ϕg, one obtains, respectively, the following
relations for the Levi-Civita connection ∇˜ of g˜ and its Ricci tensor Ric∇˜ :
1. ∇˜ = ∇− (dϕ id− g ⊗∇ϕ);
2. Ric∇˜ = Ric∇ +
(4ϕ− (n− 2)||∇ϕ||2)g + (n− 2)e−ϕ∇2(eϕ),
see for instance [76], [9]. Therefore, given a l.c.K. manifold (Mn, g, J), with n = 2m, by considering
its Lee form θ, since locally gU = e
−fUg|U and θ|U = dfU , see Definition 2.1, we obtain from (1)
the following (local) expression for the Levi-Civita connection ∇U of the Ka¨hler manifold (U, gU =
e−fUg|U)
∇U = ∇− 1
2
(
θ  id− g ⊗ A
)
, (4.5)
see Equation 4.4. Moreover, since 4ϕ = −δg(dϕ) and e−ϕ∇2(eϕ) = dϕ⊗ dϕ+∇(dϕ), by considering
ϕ = fU
2
in the previous expression (2), the Ricci tensor RicU of the (local) Ka¨hler metric gU is given
by
Ric∇
U
= Ric∇ − 1
2
[
δg(θ) +
(n− 2)
2
||θ||2
]
g +
(n− 2)
2
(
∇θ + θ ⊗ θ
2
)
, (4.6)
here we consider ||ω|| = √g(ω], ω]), ∀ω ∈ Ω1(M).
6For the sake of simplicity, we shall denote by ∇ = ∇g when the choice of the Riemannian metric is implicit.
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Remark. On a Weyl manifold (M, [g], D), Weyl introduced the distance curvature function, a 2-
form defined by dθg. From Equation 4.3, we see that this last definition does not depend on of the
representative of [g]. Also, if dθg = 0, it follows that the cohomology class [θg] ∈ H1DR(M) does not
depend on of the representative of [g]. In this latter case, the Weyl structure is called a closed Weyl
structure.
Remark. An equivalent way to define a Weyl manifold is the following. A Weyl structure on a
conformal manifold (M, [g]) also can be seen as a mapping W : [g]→ Ω1(M), satisfying
W (efg) = W (g)− df, ∀f ∈ C∞(M). (4.7)
From the above map we say that a linear connection D on M is compatible with the Weyl structurte
W if
Dg +W (g)⊗ g = 0. (4.8)
Therefore, we can define a Weyl manifold as a triple (M, [g],W ). From this last definition we can
show that there exists a unique torsion free linear connection D which satisfies Equation 4.8, i.e. a
Weyl connection as in Definition 4.1. Further details about the above comments can be found in [41].
Let (M, [g], D) be a Weyl manifold, in what follows we shall fix a representative g for the conformal
class, and consider the 1-form θg which defines its Higgs field, i.e. which satisfies Dg = θg ⊗ g.
Definition. We say that a Weyl manifold (M, [g], D) is a Hermitian-Weyl manifold if it admits an
almost complex structure J ∈ End(TM), which satisfies:
1. g(JX, JY ) = g(X, Y ), ∀X, Y ∈ Γ(TM);
2. DJ = 0.
Remark. Notice that, since D is a torsion-free connection, the second condition in the last definition
implies that J is integrable. Therefore, particularly, a Hermitian-Weyl manifold is a complex manifold.
Also, from the first condition in the last definition, it follows that a Hermitian-Weyl manifold is
particularly a Hermitian manifold.
Given a Hermitian-Weyl manifold (M, [g], D, J), we can consider the fundamental 2-form associ-
ated to the underlying Hermitian structure, i.e.
Ω = g(J ⊗ id),
it is straightforward to check that dΩ = θg ∧ Ω. Moreover, since Ω is non-degenerate, we have an
isomorphism7 between
∧2 T ∗M and ∧2n−2 T ∗M given by the multiplication by Ωn−2, i.e.
Ωn−2 : ω 7→ ω ∧ Ωn−2.
7Given a Hermitian manifold (M, g, J), with fundamental 2-form Ω = g(J ⊗ id), one can consider the Lefschetz
operator L :
∧k
T ∗M → ∧k+2 T ∗M , such that L(ψ) = ψ ∧Ω, ∀ψ ∈ ∧k T ∗M , see for instance [64]. From this operator
we have a vector bundle isomorphism Ln−k :
∧k
T ∗M → ∧2n−k T ∗M , such that Ln−k(ψ) = ψ ∧Ωn−k, ∀ψ ∈ ∧k T ∗M ,
see for instance [64, § 1.3 and § 3.1], [123].
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Hence, provided that dimR(M) ≥ 6, in particular, it follows that Ω:
∧2 T ∗M → ∧4 T ∗M is injective,
so we obtain
0 = d(dΩ) = dθg ∧ Ω, (4.9)
which implies that dθg = 0. Thus, locally, we can write θg = df . Therefore, we can take an open
cover U of M , and a family of smooth functions {fU}U∈U , fU : U → R, such that
θg|U = dfU ,
∀U ∈ U . From this, we can set gU = e−fUg|U , and then obtain
θgU = θg|U − dfU = 0,
which implies that d(e−fUΩ|U) = 0, ∀U ∈ U . The conclusion from this last computation is that
a Hermitian-Weyl manifold (M, [g], D, J), with dimR(M) ≥ 6, is in fact a l.c.K. manifold (M, g, J)
with Lee form defined by the Higgs field θg. Conversely, given a l.c.K. manifold (M,Ω, J, θ) of (real)
dimension at least 4, we can consider the Levi-Civita connection ∇g associated to g = Ω(id⊗J), and
the Lee form θ ∈ Ω1(M), from thes we can define a Weyl connection D, see expression 4.4, such that
Dg = θg ⊗ g, with θg = θ. Notice that, the Weyl connection obtained from this latter procedure is
exactly the same as gluing the locally defined connections 4.5.
An important result which summarizes the above discussion is given by the following proposition.
Proposition 4.1 (Vaisman). Any Hermitian-Weyl manifold of (real) dimension at least 6 is l.c.K..
Conversely, a l.c.K. manifold of (real) dimension at least 4 admits a compatible Hermitian-Weyl
structure.
Remark. For a compact Hermitian-Weyl manifold (M, [g], D, J) Gauduchon [44] showed that, up to
homothety, there is a unique choice of metric g0 in the conformal class such that the corresponding 1-
form θg0 is co-closed. The metric g0 ∈ [g] is called Gauduchon’s metric ( a.k.a. Gauduchon’s gauge). It
follows from Proposition 4.1 that any compact Vaisman manifold admits a Hermitian-Weyl structure
uniquely determined by the Gauduchon metric.
4.2 Hermitian-Einstein-Weyl manifolds
The Einstein-Weyl equations are a conformally invariant generalization of the Einstein equations.
Given a Weyl manifold (M, [g], D), if one considers the curvature tensor RD of the affine connection
D, one can define
RicD(X, Y ) = Tr
{
Z 7→ RD(X,Z)Y }. (4.10)
Since D is not a metric connection, it follows that its Ricci curvature is not necessarily symmetric,
thus we say that (M, [g], D) is Einstein-Weyl if
Sym(RicD) = λg, (4.11)
for some representative g, where λ is a smooth function, and
Sym(RicD)(X, Y ) =
1
2
(
RicD(X, Y ) + RicD(Y,X)
)
, (4.12)
32
is the symmetric part of RicD. It is worthwhile to observe that, unlike the Einstein equations in
manifolds with dimension at least three [9], the function factor λ in Equation 4.11 is not constant.
Remark. The relation between the curvatures associated to D and ∇g (Eq. 4.4) can be described as
follows. At first, we consider the scalar curvatures of D with respect to g, i.e.
ScalDg = Trg(Ric
D). (4.13)
Now, we can verify that the Ricci curvature Ric∇, and the scalar curvature Scalg = Trg(Ric∇),
associated to the Levi-Civita connection ∇g satisfy
ScalDg = Scalg + 2(n− 1)δg(θg)− (n− 1)(n− 2)||θg||2, (4.14)
RicD = Ric∇ + δg(θg) · g − (n− 2)
(
∇g(θg) + ||θg||2g − θg ⊗ θg
)
. (4.15)
Moreover, for an Einstein-Weyl structure one has
RicD =
ScalDg
n
g − n− 2
2
dθg, (4.16)
thus Equation 4.11 can be written as Sym(RicD) =
ScalDg
n
g, see for instance [47]. It is worth observing
that, from Equation 4.16, it follows that RicD is symmetric if and only if D is a closed Weyl structure,
i.e. dθg = 0.
Given a compact Hermitian-Weyl manifold (M, [g], D, J) of (real) dimension at least 6, by fixing
the Gauduchon gauge g0 ∈ [g], it follows that θg0 is co-closed, so we have
0 = δg0θg0 = −
1
2
(
LAg0
)
, (4.17)
see for instance [9]. Thus, it follows that that A = θ]g0 is a Killing vector field cf. [115]. As we have
seen, (M, g0, J) is also l.c.K. manifold, which implies that dθg0 = 0, see Equation 4.9. Therefore, since
2g0(∇XA, Y ) = dθg0(X, Y ) +
(
LAg0
)
(X, Y ), (4.18)
∀X, Y ∈ Γ(TM), it follows that (M, g0, J) is Vaisman, i.e. ∇θg0 ≡ 0. Moreover, under the assumption
that the associated Weyl structure is Einstein-Weyl, it follows that ScalDg0 = 0 and Ric
D ≡ 0. In fact,
since θg0 is parallel, it follows that ||θg0|| is constant, so from Bochner’s formula we obtain
0 = −1
2
4||θg0||2 = −g0(4θg0 , θg0) + ||∇θg0||2 + Ric∇(A,A), (4.19)
which implies from Equation 4.15 and Equation 4.16 that
0 = Ric∇(A,A) = RicD(A,A) =
ScalDg
n
||A||2, (4.20)
so we have ScalDg0 = 0 and Ric
D ≡ 0. Hence, if (M, [g], D, J) is a compact Hermitian-Einstein-Weyl
manifold such that dimR(M) ≥ 6, under the assumption that θg0 is not exact, it follows that the
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underlying l.c.K. manifold (M, θg0 , J) is in fact Vaisman, and from Equation 4.15, and Equation 4.16,
the Einstein-Weyl condition turns out to be
Ric∇ = (n− 2)
(
||θg0||2g0 − θg0 ⊗ θg0
)
. (4.21)
In a more general setting we have the following result.
Theorem 4.1 ([47]). Let D be an Einstein-Weyl structure on a compact, oriented conformal manifold
(M, [g]) of dimension > 2. Let g0 ∈ [g] be the Gauduchon metric associated to D and θg0 the
corresponding Higgs field. If θg0 is closed, but not exact, then
1. θg0 is ∇g0-parallel, i.e. ∇g0θg0 ≡ 0 (in particular, θg0 is also g0-harmonic).
2. RicD ≡ 0.
Remark (Universal covering splitting). An important consequence of Theorem 4.1 is the following.
Under the hypotheses of theorem above we have that θg0 has constant norm. Thus, after a normal-
ization ||θg0|| = 1, since RicD ≡ 0, it follows from Equation 4.15 that
Ric∇(A) = 0, and Ric∇(X) = (n− 2)X, ∀X ∈ 〈A〉⊥, (4.22)
notice that, similarly to the compact Hermitina-Einstein-Weyl case, Equation 4.21 also holds. Now,
given any β ∈ Ω1(M), if we consider the Bochner’s formula
− 1
2
4||β||2 = ||∇β||2 + Ric∇(β], β])− g0(4β, β), (4.23)
it follows from Equation 4.22 and Equation 4.23, that
4β ≡ 0⇐⇒ β] = c0A, (4.24)
for some constant c0 ∈ R. In fact, we have
0 = −
∫
M
1
2
4||β||2dVg0 =
∫
M
(
||∇β||2 + Ric∇(β], β])− g0(4β, β)
)
dVg0 , (4.25)
so if 4β = 0, since from Equation 4.21 we have Ric∇(β], β]) = (n − 2)||β] − θg0(β])A||2, it follows
from Equation 4.25 that
0 =
∫
M
(
||∇β||2 + (n− 2)||β] − θg0(β])A||2
)
dVg0 ,
which implies β] = θg0(β
])A and ∇β = 0. From the parallelism of β and θg0 we have that θg0(β]) is
a real constant. Conversely, if β] = c0A, for some real constant c0 ∈ R, it is easy to see that 4β = 0.
Therefore, the equivalence 4.24 implies that
1 = dimH 1(M) = dim(Iso(M, g0)), (4.26)
where H 1(M) is the space of harmonic 1-forms, and Iso(M, g0) is the associated isometry group.
Now, still in the above setting, by passing to the universal cover ℘ : (M˜, g) → (M, g0), where
g = ℘∗g0, we have f ∈ C∞(M˜), which satisfies df = ℘∗θg0 , so we obtain 8
8Notice that the condition ||∇f ||g = 1 implies that f(γ(p, t)) = f(p) + t, ∀(p, t) ∈ M˜ × R, where t 7→ γ(p, t) is the
flow of ∇f through the point p ∈ M˜ .
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||∇f ||g = ||A||g0 = 1.
Hence, from the Cheeger-Gromoll Splitting Theorem [29], see also [37], we have that (M˜, g) is isometric
to a product (
Q˜× R, gQ˜ + dt⊗ dt
)
. (4.27)
Another way to describe the above splitting is by observing that f : (M˜, g)→ R is a distance function,
i.e. ||∇f ||g = 1. Thus, since ∇f is also parallel, we have Hess(f) ≡ 0, which implies that f is a
linear affine function. We can consider an isometry induced by the flow of ∇f from Q˜ × R to M˜ ,
where Q˜ = f−1(0) is a totally geodesic hypersurface, notice also that Q˜ is a simply connected compact
Einstein manifold with positive scalar curvature (see Equation 4.22). It follows from Equation 4.21
and the last comments that the metric g on M˜ can be written as
g =
1
n− 2℘
∗Ric∇ + df ⊗ df. (4.28)
The next result provides a unified setting which takes into account the aspects of the struc-
ture of principal elliptic fibration which underlies compact Hermitian-Einstein-Weyl manifolds of real
dimension ≥ 6.
Theorem 4.2 ([105]). Each compact Hermitian-Einstein-Weyl manifold (M, [g], D, J) (dimR(M) ≥
6) which is strongly regular Vaisman manifold, arises as a fibration over a compact Ka¨hler-Einstein
manifold X (dimR(X) = dimR(M) − 2) of positive scalar curvature. Moreover, M is obtained as a
discrete quotient of the Ricci-flat Ka¨hler structure on a principal C×-bundle associated to a maximal
root of the canonical bundle of X.
The result above can be obtained by observing the following facts. Under the hypotheses of
the last theorem, by considering the underlying strongly regular Vaisman manifold (M, θg0), where
g0 ∈ [g] is the associated Gauduchon gauge, we have that its universal covering space M˜ is isometric
to Riemannian cone over a compact Sasaki manifold9 Q˜, i.e. M˜ = Q˜× R. Moreover, by considering
the covering projection ℘ : M˜ → M , and f ∈ C∞(M˜) such that df = ℘∗θg0 , from Equation 4.28, we
have
g =
1
2(m− 2)℘
∗Ric∇ + df ⊗ df = gQ˜ + df ⊗ df, (4.29)
here we suppose dimR(M) = 2m. The above expression provides that
Ric∇˜ = 2(m− 1)gQ˜, (4.30)
where gQ˜ is given by the restriction of g to the totally geodesic hypersurface Q˜ = f
−1(0), and ∇˜ is
its associated metric connection. Hence, we have that Q˜ is in fact Sasaki-Einstein. Thus, by taking
the change of coordinates r = e−f , and identifying M˜ = C (Q˜), it follows that (M˜ = C (Q˜), gCY ) is
Ka¨hler Ricci-flat [19], where gCY is defined by
gCY = e
−2f
(
1
2(m− 2)℘
∗Ric∇ + df ⊗ df
)
= r2gQ˜ + dr ⊗ dr. (4.31)
9By considering the characterization TQ˜ = ker(df), one can define a Sasaki structure (gQ˜, φ, ξ, η) by setting gQ˜ =
g|ker(df), ξ = J∇f |Q˜, η = −(df ◦ J)|ker(df), and φ = J |ker(df) + η ⊗ ξ, see for instance [35], [121].
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Notice that the Lee form θ˜ associated to the globally conformal Ka¨hler metric g = e2fgCY satisfies
θ˜ = 2df = 2℘∗θg0 , (4.32)
see Equation 3.47, it follows that, up to scale, the Hermitian-Einstein-Weyl structure on M is com-
pletely determined by the Ka¨hler Ricci-flat structure on M˜ = C (Q˜).
Now, by considering the associated Boothby-Wang fibration [13] defined by
pi : Q˜→ Q˜/U(1) = X,
it follows that X is a Ka¨hler-Einstein Fano manifold with Ka¨hler-Einstein metric ωX determined by
a connection η′ ∈ Ω1(Q˜;√−1R), i.e. dη′ = √−1pi∗ωX . Thus, since X is simply connected [73], it
follows from [117, Theorem 4.1] that M˜ = L×, where
L = K
⊗ `
I(X)
X ,
for some positive integer ` ∈ Z, here I(X) is the maximal integer such that 1
I(X)
c1(X) ∈ H2(X,Z),
i.e. the Fano index of X. Therefore, since Q˜ is simply connected, it follows that ` = 1, see [74], [20,
Corollary 2.1].
Remark. In analogy to the tautogical line bundle over projective spaces, given a compact simply
connected Ka¨hler manifold X, we also shall denote the maximal root of the canonical bundle of X by
OX(−1) := K
⊗ 1
I(X)
X , (4.33)
note that, with the above convention, we have OX(−1)⊗` = OX(−`), ∀` ∈ Z.
5 Compact homogeneous Vaisman manifolds
In this section, we provide a description of compact homogeneous l.c.K. manifolds and explain their
relation with complex flag manifolds. In order to do so, we use the fact that compact homogeneous
l.c.K. manifolds are Vaisman [44], and then we apply the results on compact homogeneous Vaisman
manifolds introduced in [119]. For further details on compact homogeneous l.c.K. manifolds, we
suggest [44] and references therein.
5.1 Principal elliptic bundles over flag manifolds
Before we move on to the study of homogenous manifolds, let us recall some basic facts which sum-
marize some ideas developed in the previous sections. As we have seen in the previous sections, given
a compact Vaisman manifold (M,J, θ) with strongly regular canonical foliation F = FA ⊕ FB, we
obtain the following principal bundles:
S1 ↪→ (M,J, θ)→M/FA = Q, and T 1C ↪→ (M,J, θ)→M/F = X,
36
where the first one fibration is a flat S1-principal bundle over a Sasaki manifold Q, and the second
one is a T 1C-principal bundle over a compact Hodge manifold X. Moreover, we also have a principal
S1-bundle defined by
S1 ↪→ Q→ X,
where Q is a compact Sasaki manifold.
Remark. Under the assumption that X is simply connected, we have that the Chern class of M , as
a T 1C-principal bundle over X, coincides with the Chern class of Q as a principal S
1-bundle, see [30].
Thus, in this last case, we can realize (M,J, θ) as a quotient space
M = Tot(L×)/Γ,
where L ∈ Pic(X) is a negative line bundle, such that
L = Q×U(1) C,
and Γ = Γλ ⊂ C× is a cyclic group obtained from λ ∈ C×, such that |λ| < 1, see 3.29 and [117,
Theorem 4.2].
In what follows we shall further explore the basic ideas described above in the setting of homo-
geneous spaces. Our exposition is essentially based on [45], for more details about the background in
Lie theory, we suggest [71], [62], see also [27], [2].
Definition. Let (M,J, g) be a compact l.c.K. manifold, we say that (M,J, g) is a homogeneous l.c.K.
manifold if it admits an effective and transitive smooth (left) action of a compact connected Lie group
K, which preserves the metric g and the complex structure J .
In the above setting, if we denote by τ : K → Diff(M) the underlying Lie group action, for each
X ∈ k we can associate to a vector field δτ(X) ∈ Γ(TM) defined by
δτ(X)p =
d
dt
∣∣∣
t=o
τ
(
exp(tX)
) · p, ∀p ∈M. (5.1)
The map δτ : k→ Γ(TM) defines an infinitesimal action which satisfies[
δτ(X), δτ(Y )
]
= −δτ([X, Y ]), (5.2)
∀X, Y ∈ k, so it follows that δτ : k → Γ(TM) is an anti-homomorphism of Lie algebras. Moreover,
since by definition the action is effective, we have that δτ is injective.
Given a homogeneous l.c.K. manifold (M, g, J), since Lδτ(X)J = Lδτ(X)g = 0, ∀X ∈ k, it follows
that
Lδτ(X)Ω =
(
Lδτ(X)g
)(
J ⊗ id)+ g((Lδτ(X)J)⊗ id) = 0, ∀X ∈ k, (5.3)
where Ω is the fundamental 2-form of (M,J, g). Since dΩ = θ ∧ Ω and Lδτ(X)dΩ = 0, it implies10
that Lδτ(X)θ = 0, ∀X ∈ k. Therefore, we have
10Note that, dΩp =
∫
K
(k∗dΩ)pdν =
( ∫
K
(k∗θ)pdν
)
∧Ωp, ∀p ∈M , here dν denotes the Haar measure on K normalized,
i.e.
∫
K
1 · dν = 1. Thus, since d
( ∫
K
(k∗θ)dν
)
= 0, we can suppose that θ =
∫
K
(k∗θ)dν.
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0 = dθ
(
δτ(X), δτ(Y )
)
= Lδτ(X)
(
θ(δτ(Y ))
)−Lδτ(Y )(θ(δτ(X)))− θ([δτ(X), δτ(Y )]),
∀X, Y ∈ k. Thus, since θ(δτ(X)) is constant, ∀X ∈ k, we obtain
θ
([
δτ(X), δτ(Y )
])
= 0, ∀X, Y ∈ k, (5.4)
which implies that the vector fields δτ
(
[k, k]
) ⊂ Γ(TM) are tangent to the foliation defined by the
kernel of θ. Notice that, since K is compact, it follows that its Lie algebra k is reductive, so we have
k = Z(k)⊕ [k, k], (5.5)
where Z(k) denotes the center of k, and [k, k] its semisimple part, e.g. [71]. Therefore, it follows from
Equation 5.4 that a compact semisimple Lie group cannot act transitively on a l.c.K. manifold by
keeping its underlying Lee form invariant.
Let (M, g, J) be a homogeneous l.c.K. manifold, and consider
Inv =
{
X ∈ Γ(TM)
∣∣∣ X is K-invariant}, (5.6)
the subspace above is in fact a Lie subalgebra of Γ(TM). Further, since each element of Inv commutes
with all elements in δτ(k), it follows that
Inv ∩ δτ(k) = δτ(Z(k)). (5.7)
As we have seen above, it must exists T ∈ Z(k), such that θ(δτ(T )) 6≡ 0, and we can suppose that
θ(δτ(T )) = 1. In [45] it was shown that, for any chosen p ∈M , we have
Inv = Nk(kp)/kp, and rank(Inv) = 2, (5.8)
such that Nk(kp) is the normalizer of the isotropy subalgebra kp =
{
X ∈ k ∣∣ δτ(X)p = 0}. Therefore,
it follows that Inv is isomorphic either to the abelian Lie algebra R⊕R or to the unitary Lie algebra
u(2) = R⊕ su(2). From this, it can be shown that in both cases we can write
Jδτ(T ) = aδτ(T ) + bJA, (5.9)
with a, b ∈ R, such that b 6= 0, where θ = g(·, A). Therefore, since J is integrable, we have
0 = NJ(X, Y ) = J
(
LXJ
)
Y − (LJXJ)Y ,
∀X, Y ∈ Γ(TM), where NJ is the Nijenhuis torsion of J , and from Equation 5.9 it follows that A
preserves the complex structure J . Also, notice that
LJAΩ = ιJAdΩ + dιJAΩ = −dθ + θ(JA)Ω + θ ∧ θ = 0,
which implies from Equation 5.9 that A preserves Ω, so A is a Killing vector field. Now, from Koszul’s
formula we obtain
2g(∇XA, Y ) = dθ(X, Y ) +
(
LAg
)
(X, Y ) = 0, (5.10)
∀X, Y ∈ Γ(TM), which implies that ∇θ ≡ 0. The ideas briefly described above lead to the following
result.
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Theorem 5.1 ([45]). Any compact homogeneous l.c.K. manifold (M, g, J) is Vaisman.
Remark. Notice that from Theorem 5.1, and the above comments, we have that the Harmonic rep-
resentative and the K-invariant representative11 in H1(M,R) for the Lee form are the same, i.e. a
K-invariant l.c.K. metric is the Gauduchon metric in its conformal class.
Just like in the case of compact homogeneous contact manifolds [13], we have the following result
related to the regularity of the canonical foliation of compact homogeneous Vaisman manifolds.
Theorem 5.2 (Vaisman [119], [120]). Any compact homogeneous Vaisman manifold (M, g, J) is
strongly regular. Moreover, the following facts hold:
1. Associated to M we have two principal fiber bundles given by
S1 ↪→ (M, g, J)→M/FA = Q, and T 1C ↪→ (M, g, J)→M/F = X,
where Q is a compact homogeneous Sasaki manifold, and X is a compact simply connected
homogeneous Hodge manifold.
2. The manifold Q above defines a Boothby-Wang fibration over X, i.e. Q is a S1-principal bundle
over X whose Euler class defines an invariant Hodge metric on X.
In the setting of the last theorem, since the base manifold X is simply connected, it follows from
Theorem 3.3 that the principal fiber bundles
T 1C ↪→M → X, and S1 ↪→ Q→ X,
are defined by the same characteristic class in H2(X,Z). Therefore, we can realize M as a quotient
space
M = Tot(L×)/Γ, (5.11)
where L is a negative line bundle over X which satisfies Q(L) = Q (see 3.18) and Γ ⊂ C× is a cyclic
group, see Remark 5.1.
Remark. Another important fact concerned with the setting above is that, since the base Hodge
manifold X is simply connected, its odd Betti numbers vanish [14], [15]. Thus it can be shown from
the Gysin sequence for the fibrations described in Theorem 5.2 that b1(M) = 1, see for instance [120].
Given a compact homogeneous l.c.K. manifold (M, g, J), if we consider the decomposition 5.5, it
follows that the compact reductive Lie group K can be written as
K = KssZ(K)0, (5.12)
where Kss is a closed, connected and semisimple Lie subgroup with Lie(Kss) = [k, k], and Z(K)0 is
the closed connected subgroup defined by the connected component of the identity of the center, see
for instance [71]. Observing that Jδτ(T ) ∈ inv, it follows from equation 5.9 that A,B ∈ inv, recall
11Observe that in the setting of Theorem 5.1, it follows that H1(M,R) ∼= H1K(M,R), where H•K(M,R) denotes the
invariant cohomology group of (M, g, J) as a left K-manifold cf. [40, Theorem 1.28].
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that B = JA. Thus, since rank(Inv) = 2 and [A,B] = 0, we obtain an effective and transitive Lie
group action of Kss on the leaf space M/F , induced from τ : K → Diff(M), such that
K/Z(K)0 ×M/F →M/F ,
(
kZ(K)0, [p]
) 7→ [τ(k) · p] (5.13)
∀kZ(K)0 ∈ K/Z(K)0, and ∀[p] ∈ M/F . Therefore, the compact simply connected homogeneous
Hodge manifold X can be realized as a quotient space
X = Kss/H, (5.14)
where H is compact, connected and equal to the centralizer of a torus of Kss, see for instance [16].
Considering the description provided in 5.14, if we take the decomposition of Kss into simple Lie
groups, i.e.
Kss = G1 × · · · ×Gr, (5.15)
then we have H = H1×· · ·×Hr, such that Hj = H ∩Gj is a centralizer of a torus in Gj, j = 1, . . . , r,
and
X = G1/H1 × · · · ×Gr/Hr. (5.16)
see for instance [16]. If we consider the complexification kC = k⊗C, by choosing a Cartan subalgebra
h ⊂ kC, we can consider the associated root system Π = Π+ ∪ Π−, which induces a triangular
decompostion
kC =
( ∑
α∈Π+
kα
)
⊕ h⊕
( ∑
α∈Π−
kα
)
. (5.17)
Then, if we take the Borel subalgebra
b =
( ∑
α∈Π+
kα
)
⊕ h, (5.18)
it can be shown that there exists a parabolic Lie subalgebra p ⊂ kC, which contains b, such that its
normalizer P = NKCss(p) (parabolic Lie subgroup) satisfies
H = P ∩Kss. (5.19)
Moreover, it follows from the Iwasawa decomposition of KCss that
X = KCss/P. (5.20)
From these, we have KCss = G
C
1 × · · · ×GCr , and then
X = GC1 /P1 × · · · ×GCr /Pr, (5.21)
such that Pj = P ∩GCj is a parabolic Lie subgroup of GCj , j = 1, . . . , r. Further, we also can write
P = P1 × · · · × Pr, (5.22)
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notice that we have Hj = Pj ∩Gj, for every j = 1, . . . , r. In the setting above, if we denote by Σ ⊂ h∗
the associated simple root system defined by the pair (kC, h), it follows that
h = h1 × · · · × hr, and Σ = Σ1 ∪ · · · ∪ Σr, (5.23)
such that hj ⊂ gCj is a Carta subalgebra, and Σj ⊂ h∗j , j = 1, . . . , r, is a simple root system. Now,
we notice that the parabolic Lie subgroup P ⊂ KCss is uniquely determined by ΘP ⊂ Σ. Actually, we
have p = pΘP , such that
pΘP =
( ∑
α∈Π+
kα
)
⊕ h⊕
( ∑
α∈〈ΘP 〉−
kα
)
, (5.24)
where 〈ΘP 〉− = 〈ΘP 〉 ∩ Π−. Furthermore, from 5.22 we obtain
ΘP = ΘP1 ∪ · · · ∪ΘPr , (5.25)
such that pΘPj = pj ⊂ gCj is a parabolic Lie subalgebra defined by
pj =
( ∑
α∈Π+j
g(j)α
)
⊕ hj ⊕
( ∑
α∈〈ΘPj 〉−
g(j)α
)
, (5.26)
for every j = 1, . . . , r.
The ideas above show that each factor in the decomposition 5.21 bears the same Lie-theoretical
features as the product manifold X described in 5.20. Moreover, given a negative line bundle L→ X,
it follows that
L = pr∗1L1 ⊗ · · · ⊗ pr∗rLr, (5.27)
where prj : X → GCj /Pj, j = 1, . . . , r, and Lj ∈ Pic(GCj /Pj), j = 1, . . . , r. Therefore, from Remark
5.1, and the fact that Pic(GCj /Pj) can be described purely in terms of Lie-theoretical elements (e.g.
[17], [14]), the study of compact homogeneous l.c.K. manifolds reduces to the study of principal
elliptic bundles defined by negative line bundles over a compact simply connected homogeneous Hodge
manifold X, such that
X = GC/P = G/G ∩ P, (5.28)
where GC is a connected simply connected complex simple Lie group with compact real form given
by G, and P ⊂ GC is a parabolic Lie subgroup. In order to emphasize the parabolic Lie subgroup
which defines a complex flag manifold, as well as the parabolic geometry defined by the pair (GC, P ),
we shall denote XP = G
C/P .
6 Proof of main results and examples
In this section, we provide a complete proof for our main results. In order to do so, we start by
collecting some results which allow us to describe geometric structures associated to negative line
bundles over flag manifolds by using elements of representation theory of Lie algebras and Lie groups.
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Then, we combine this with the results covered in the previous sections, particularly, Theorem 4.2,
Theorem 3.4, Theorem 5.1 and Theorem 5.2, to prove Theorem 1, Theorem 2 and Theorem 3. In order
to prove Theorem 4, we start introducing some results about the background in algebraic geometry
which underlies the study of the projective algebraic realization of flag manifolds, and then we prove
the result. Throughout this section we also provide several examples which illustrate each one of our
main results.
6.1 Vaisman structures on principal elliptic bundles over flag manifolds
In this subsection we develop a study of principal elliptic fibrations over complex flag manifolds.
Our main purpose is providing a concrete description of compact homogeneous Vaisman manifold by
following Theorem 3.4.
Notice that, by following the results covered in Subsection 3.2, given a complex flag manifold
XP = G
C/P and a negative line bundle L ∈ Pic(XP ), we can associate to the pair (XP , L) the
following diagram:(
Tot(L×), ωC , JC
) (
Tot(L×)/Γ, g, J
) (
Q(L), gQ(L), φ, ξ, η
)
(XP , ωXP )
C×
Γ
T 1C
S1
S1
for a suitable Γ ⊂ C×. Moreover, the geometric structures defined on each manifold in the diagram
above are completely determined by the Ka¨hler potential KH : Tot(L
×)→ R+, KH(u) = H(u, u), ∀u ∈
Tot(L×), such that H is some Hermitian structure on L. In fact, as we have seen, the fundamental
object which allows to compute the geometric structures on each manifold of the last diagram is the
principal C×-connection Ψ˜ ∈ Ω1(Tot(L×);C) given by
Ψ˜ =
1
2
(
dc −√−1d) log(KH) = −√−1∂ log(KH). (6.1)
Hence, since the principal bundles in the last diagram are classified by the same characteristic class
in H2(XP ,Z), in order to describe the Vaisman structures in the homogeneous setting we need to
describe the unique G-invariant element in the characteristic class of elliptic fibrations over XP .
6.1.1 Line bundles over complex flag manifolds
In order to study principal elliptic fibrations defined by negative line bundles, let us collect some
general facts about line bundles over flag manifolds.
Let gC be a complex simple Lie algebra, by fixing a Cartan subalgebra h and a simple root system
Σ ⊂ h∗, we have a decomposition of gC given by
gC = n− ⊕ h⊕ n+,
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where n− =
∑
α∈Π− gα and n
+ =
∑
α∈Π+ gα, here we denote by Π = Π
+ ∪ Π− the root system
associated to the simple root system Σ = {α1, . . . , αl} ⊂ h∗.
Let us denote by κ the Cartan-Killing form of gC. Now, given α ∈ Π+, we have hα ∈ h, such
that α = κ(·, hα). We can choose xα ∈ gα and yα ∈ g−α, such that [xα, yα] = hα. Moreover, for every
α ∈ Σ, we can set
h∨α =
2
κ(hα, hα)
hα,
from this we have the fundamental weights {ωα | α ∈ Σ} ⊂ h∗, where ωα(h∨β ) = δαβ, ∀α, β ∈ Σ. We
denote by
Λ∗Z≥0 =
⊕
α∈Σ
Z≥0ωα,
the set of integral dominant weights of gC.
From the Lie algebra representation theory, given µ ∈ Λ∗Z≥0 we have an irreducible gC-module
V (µ) with highest weight µ, we denote by v+µ ∈ V (µ) the highest weight vector associated to µ ∈ Λ∗Z≥0 .
Now, let GC be a connected, simply connected, and complex Lie group with simple Lie algebra gC,
and consider G ⊂ GC as being a compact real form of GC. Given a parabolic Lie subgroup P ⊂ GC,
without loss of generality we can suppose that
P = PΘ, for some Θ ⊆ Σ.
Remark. Recall that, by definition, we have PΘ = NGC(pΘ), where Lie(PΘ) = pΘ ⊂ gC is a parabolic
Lie subalgebra given by
pΘ = n
+ ⊕ h⊕ n(Θ)−, with n(Θ)− =
∑
α∈〈Θ〉−
gα,
and NGC(pΘ) is its normalizer in G
C.
In what follows it will be useful to consider the following basic chain of Lie subgroups
TC ⊂ B ⊂ P ⊂ GC.
For each element in the aforementioned chain of Lie subgroups we have the following characterization:
• TC = exp(h); (complex torus)
• B = N+TC, where N+ = exp(n+); (Borel subgroup)
• P = PΘ = NGC(pΘ), for some Θ ⊂ Σ ⊂ h∗. (parabolic subgroup)
The following theorem allows us to describe all G-invariant Ka¨hler structures on XP .
Theorem 6.1 (Azad-Biswas, [6]). Let ω ∈ Ω1,1(XP )G be a closed invariant real (1, 1)-form, then we
have
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pi∗ω =
√−1∂∂ϕ,
where pi : GC → XP , and ϕ : GC → R is given by
ϕ(g) =
∑
α∈Σ\Θ
cα log ||gv+ωα ||,
with cα ∈ R≥0, ∀α ∈ Σ\Θ. Conversely, every function ϕ as above defines a closed invariant real
(1, 1)-form ωϕ ∈ Ω1,1(XP )G. Moreover, if cα > 0, ∀α ∈ Σ\Θ, then ωϕ defines a Ka¨hler form on XP .
Remark. It is worth pointing out that the norm || · || in the last theorem is a norm induced from some
fixed G-invariant inner product 〈·, ·〉α on V (ωα), ∀α ∈ Σ\Θ.
By means of theorem above we can describe the unique G-invariant element in each integral class
in H2(XP ,Z). In fact, consider the associated principal P -bundle P ↪→ GC → XP . In terms of Cˇech
cocycles, if we take an open covering XP =
⋃
i∈I Ui, we can write
GC =
{
(Ui)i∈I , ψij : Ui ∩ Uj → P
}
.
Now, given a fundamental weight ωα ∈ Λ∗Z≥0 , by considering χωα ∈ Hom(TC,C×), such that d(χωα)e =
ωα, we can take the homomorphism χωα : P → C×, defined via holomorphic extension of χωα . From
this last homomorphism, we consider C−ωα as a P -space with the action pz = χωα(p)−1z, ∀p ∈ P ,
and ∀z ∈ C. Therefore, we obtain an associated holomorphic line bundle Oα(1) = GC×P C−ωα , which
can be described in terms of Cˇech cocycles by
Oα(1) =
{
(Ui)i∈I , χ−1ωα ◦ ψij : Ui ∩ Uj → C×
}
, (6.2)
thus Oα(1) = {gij} ∈ Hˇ1(XP ,O∗XP ), with gij = χ−1ωα ◦ ψij, where i, j ∈ I. Notice that we can also
realize Oα(1) as a quotient space of GC × C−ωα by the equivalence relation “ ∼ ” defined by
(g, z) ∼ (h,w)⇐⇒ ∃p ∈ P, such that h = gp and w = p−1z = χωα(p)z. (6.3)
Therefore, for a typical element u ∈ Oα(1) we have u = [g, z], for some (g, z) ∈ GC × C−ωα .
Remark. Notice that, if we have a parabolic Lie subgroup P ⊂ GC, such that P = PΘ, the decompo-
sition
PΘ =
[
PΘ, PΘ
]
T (Σ\Θ)C, (6.4)
see for instance [2, Proposition 8], shows us that Hom(P,C×) = Hom(T (Σ\Θ)C,C×). Therefore, if
we take ωα ∈ Λ∗Z≥0 , such that α ∈ Θ, we obtain Oα(1) = XP ×C, i.e. the associated holomorphic line
bundle Oα(1) is trivial.
Given Oα(1) ∈ Pic(XP ), such that α ∈ Σ\Θ, as described previously, if we consider an open
covering XP =
⋃
i∈I Ui which trivializes both P ↪→ GC → XP and Oα(1)→ XP , such that α ∈ Σ\Θ,
by taking a collection of local sections (si)i∈I , such that si : Ui → GC, we can define hi : Ui → R+ by
setting
hi = e
−2piϕωα◦si =
1
||siv+ωα ||2
, (6.5)
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for every i ∈ I. These functions (hi)i∈I satisfy hj = |χ−1ωα ◦ ψij|2hi on Ui ∩ Uj 6= ∅, here we have used
that sj = siψij on Ui ∩ Uj 6= ∅, and pv+ωα = χωα(p)v+ωα , for every p ∈ P , such that α ∈ Σ\Θ. Hence,
we have a collection of functions (hi)i∈I which satisfies on Ui ∩ Uj 6= ∅ the following relation
hj = |gij|2hi, (6.6)
such that gij = χ
−1
ωα ◦ ψij, where i, j ∈ I.
From the collection of smooth functions described above, we can define a Hermitian structure H
on Oα(1) by taking on each trivialization fi : Lχωα → Ui × C a metric defined by
H(f−1i (x, v), f
−1
i (x,w)) = qi(x)vw, (6.7)
for (x, v), (x,w) ∈ Ui ×C. The Hermitian metric above induces a Chern connection ∇ = d+ ∂ logH
with curvature F∇ satisfying
√−1
2pi
F∇
∣∣∣
Ui
=
√−1
2pi
∂∂ log
(∣∣∣∣siv+ωα∣∣∣∣2). (6.8)
Hence, by considering the G-invariant (1, 1)-form Ωα ∈ Ω1,1(XP )G, which satisfies
pi∗Ωα =
√−1∂∂ϕωα , (6.9)
where pi : GC → GC/P = XP , and ϕωα(g) =
1
2pi
log ||gv+ωα||2, ∀g ∈ GC, we have
c1(Oα(1)) =
[
Ωα
]
. (6.10)
From the ideas described above we have the following result.
Proposition 6.1. Let XP be a flag manifold associated to some parabolic Lie subgroup P = PΘ ⊂ GC.
Then, we have
Pic(XP ) = H
1,1(XP ,Z) = H2(XP ,Z) =
⊕
α∈Σ\Θ
Z
[
Ωα
]
. (6.11)
Proof. Let us sketch the proof. The last equality on the right side of 6.11 follows from the following
facts:
• pi2(XP ) ∼= pi1(T (Σ\Θ)C) = Z#(Σ\Θ), where
T (Σ\Θ)C = exp
{ ∑
α∈Σ\Θ
aαhα
∣∣∣ aα ∈ C};
• Since XP is simply connected, it follows that H2(XP ,Z) ∼= pi2(XP ) (Hurewicz’s theorem);
• By taking P1α ↪→ XP , such that
P1α = exp(g−α)x0 ⊂ XP ,
∀α ∈ Σ\Θ, where x0 = eP ∈ XP , it follows that
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〈
c1(Oα(1)),
[
P1β
]〉
=
∫
P1β
c1(Oα(1)) = δαβ,
∀α, β ∈ Σ\Θ. Hence, we obtain
pi2(XP ) =
⊕
α∈Σ\Θ
Z
[
P1α
]
, and H2(XP ,Z) =
⊕
α∈Σ\Θ
Zc1(Oα(1)).
Therefore, H1,1(XP ,Z) = H2(XP ,Z). Now, from the Lefschetz theorem on (1,1)-classes [64, p. 133],
and the fact that 0 = b1(XP ) = rk(Pic
0(XP )), we obtain the first equality in 6.11.
From Theorem 6.1 and Proposition 6.1, given a negative line bundle L ∈ Pic(XP ), we have
L =
⊗
α∈Σ\Θ
Oα(1)
⊗〈c1(L),[P1α]〉, (6.12)
where
〈
c1(L),
[
P1α
]〉
< 0, ∀α ∈ Σ\Θ. For the sake of simplicity, we denote `α = −
〈
c1(L),
[
P1α
]〉
, and
Oα(1)⊗k = Oα(k), for every k ∈ Z, ∀α ∈ Σ\Θ. Thus, we can rewrite 6.12 as
L =
⊗
α∈Σ\Θ
Oα(−`α). (6.13)
From the characterization above, if we consider the weight µ(L) ∈ Λ∗Z≥0 defined by
µ(L) = −
∑
α∈Σ\Θ
〈
c1(L),
[
P1α
]〉
ωα =
∑
α∈Σ\Θ
`αωα, (6.14)
we can associate to L an irreducible gC-module V (µ(L)) with highest weight vector v+µ(L) ∈ V (µ(L)),
such that
V (µ(L)) ⊂
⊗
α∈Σ\Θ
V (ωα)
⊗`α , and v+µ(L) =
⊗
α∈Σ\Θ
(v+ωα)
⊗`α , (6.15)
see for instance [27, p. 186].
Remark. Notice that, associated to the weight 6.14 we have a character χ(L) : P → C×, such that
χ(L) =
∏
α∈Σ\Θ
χ`αωα . (6.16)
Therefore, in terms of Cˇech cocycles we have
L =
{
(Ui)i∈I , χ(L) ◦ ψij : Ui ∩ Uj → C×
}
, (6.17)
thus L = {gij} ∈ Hˇ1(XP ,O∗XP ), with gij = χ(L) ◦ ψij, where i, j ∈ I.
Remark. It is worthwhile to observe that, in the setting above, the ample line bundle L−1 ∈ Pic(XP )
is in fact very ample, i.e. we have a projective embedding
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ι : XP ↪→ P(V (µ(L))) = Proj
(
H0(XP , L
−1)∗
)
,
see for instance [78, Page 193], [27, Theorem 3.2.8], [113]. Thus, we have the identification
L ∼= ι∗OP(V (µ(L))(−1) =
{(
[x], v
) ∈ XP × V (µ(L)) ∣∣∣ v ∈ 〈x〉C}, (6.18)
where OP(V (µ(L))(−1) is the tautological line bundle over P(V (µ(L)), here we consider the geometric
realization V (µ(L)) = H0(XP , L
−1)∗ via Borel-Weil theorem.
6.1.2 Vaisman structrures on compact homogeneous Hermitian manifolds
By following the ideas which we have established in the previous sections, now we are able to prove
our main result about Vaisman structures on principal elliptic bundles over flag manifolds.
Theorem 6.2. Let XP be a complex flag manifold, associated to some parabolic Lie subgroup P =
PΘ ⊂ GC, and let L ∈ Pic(XP ) be a negative line bundle, such that
L =
⊗
α∈Σ\Θ
Oα(−`α),
where `α > 0, ∀α ∈ Σ\Θ. Then, for every λ ∈ C×, such that |λ| < 1, we have that the manifold
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z}, (6.19)
admits a Vaisman structure completely determined by the Ka¨hler potential KH : Tot(L
×) → R+,
defined in coordinates (z, w) ∈ L×|U by
KH
(
z, w
)
=
(∣∣∣∣sU(z)v+µ(L)∣∣∣∣2)ww, (6.20)
for some local section sU : U ⊂ XP → GC, where v+µ(L) is the highest weight vector of weight µ(L)
associated to the irreducible gC-module V (µ(L)) = H0(XP , L
−1)∗.
Proof. The proof follows from the results which we have described so far in the previous sections.
Actually, under the hypotheses therorem above, if we consider the characterization
L =
{
(Ui)i∈I , χ(L) ◦ ψij : Ui ∩ Uj → C×
}
,
see Remark 6.17, we can define the Hermitian structure on L→ XP by setting
H
(
f−1i (z, v), f
−1
i (z, w)
)
=
( ∏
α∈Σ\Θ
∣∣∣∣si(z)v+ωα∣∣∣∣2`α)vw, (6.21)
here as before we consider local trivializations (L|Ui , fi) and local sections si : Ui → GC, ∀i ∈ I. Since
we have sj = siψij, fi ◦ f−1j (z, w) = (z, gij(z)w) on Ui ∩ Uj 6= ∅, and pv+ωα = χωα(p)v+ωα , for every
p ∈ P , such that α ∈ Σ\Θ, it follows from Equation 6.16 that
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H
(
f−1j (z, v), f
−1
j (z, w)
)
=
∣∣χ(L)(ψij(z))∣∣2( ∏
α∈Σ\Θ
∣∣∣∣si(z)v+ωα∣∣∣∣2`α)vw =
H
(
f−1i (z, gij(z)v), f
−1
i (z, gij(z)w)
)
,
∀(z, w), (z, v) ∈ Ui ∩ Uj × C. Hence, from the Hermitian structure above we can define a Ka¨hler
potential KH : Tot(L
×)→ R+, by setting KH(u) = H(u, u). From this, locally on L×|Ui we have
KH(z, w) = KH(f
−1
i (z, w)) =
( ∏
α∈Σ\Θ
∣∣∣∣si(z)v+ωα∣∣∣∣2`α)ww.
Now, in order to obtain Equation 6.20, we proceed as follows: Since we have
V (µ(L)) ⊂
⊗
α∈Σ\Θ
V (ωα)
⊗`α , and v+µ(L) =
⊗
α∈Σ\Θ
(v+ωα)
⊗`α , (6.22)
we can take a G-invariant inner product on V (µ(L)) induced from a G-invariant inner product 〈·, ·〉α
on each factor V (ωα), ∀α ∈ Σ\Θ, such that12〈 ⊗
α∈Σ\Θ
(
v
(α)
1 ⊗ · · · ⊗ v(α)`α ),
⊗
α∈Σ\Θ
(
w
(α)
1 ⊗ · · · ⊗ w(α)`α )
〉
=
∏
α∈Σ\Θ
〈
v
(α)
1 , w
(α)
1
〉
α
· · · 〈v(α)`α , w(α)`α 〉α, (6.23)
see Remark 6.1.1. Considering the norm on V (µ(L)) induced by the inner product above, we can
rewrite
KH
(
z, w
)
=
( ∏
α∈Σ\Θ
∣∣∣∣si(z)v+ωα∣∣∣∣2`α)ww = (∣∣∣∣si(z)v+µ(L)∣∣∣∣2)ww.
It is straightforward to see that the Ka¨hler potential above defines a Vaisman structure on the manifold
M = Tot(L×)/Γ. In fact, if we consider a principal C×-connection Ψ˜ ∈ Ω1(L×;C), given by
Ψ˜ = 1
2
(
dc −√−1d) log(KH) = −√−1∂ log(KH),
by regarding M as principal elliptic bundle over XP , namely,
M = L×/Γ =
(
L× × E(Λ))/C×,
such that E(Λ) = C×/Γ, we have an induced principal E(Λ)-connection Ψ ∈ Ω1(M ;C), which satisfies
℘∗Ψ = Ψ˜,
where ℘ : Tot(L×) → Tot(L×)/Γ is the projection map. Now, by considering the complex structure
J ∈ End(TM) induced from Tot(L×), it follows that Ψ◦J = √−1Ψ. Furthermore, from the definition
of KH , it follows that (locally) on M |Ui we have
dΨ =
∑
α∈Σ\Θ
`α
√−1∂∂ log
(∣∣∣∣siv+ωα∣∣∣∣2 ) = 2pi( ∑
α∈Σ\Θ
`αΩα|Ui
)
= 2pip∗Λ
(
c1(L
−1)|Ui
)
,
where pΛ : M → XP is the bundle projection. Since c1(L−1) defines a G-invariant Ka¨hler metric on
XP , see Theorem 6.1, we conclude the proof by applying Theorem 3.4.
12See for instance [54].
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Remark. Notice that, given any inner product 〈·, ·〉0 on V (µ(L)) we can construct a G-invariant inner
product 〈·, ·〉 on V (µ(L)) by setting
〈
v1, v2
〉
=
∫
G
〈
gv1, gv2
〉
0
dν, (6.24)
∀v1, v2 ∈ V (µ(L)), here dν denotes the Haar measure on G normalized, so
∫
G
1 · dν = 1. Under
the hypotheses of the last theorem, by taking any G-invariant inner product 〈·, ·〉 on V (µ(L)), and
considering its induced norm || · ||, we can also define a Hermitian structure on L by gluing
H
(
f−1i (z, v), f
−1
i (z, w)
)
=
(∣∣∣∣si(z)v+µ(L)∣∣∣∣2)vw.
The computation to construct a Vaisman structure on the manifold Tot(L×)/Γ is the same as in
the case of the Hermitian structure defined in 6.21. Also, notice that two different G-invariant inner
products on V (µ(L)) induce the same conformal structure on Tot(L×)/Γ by the procedure given in
the proof of the last theorem.
Remark. An important feature of theorem above is that it provides a concrete description for Vaisman
structures on principal elliptic bundles by means of elements of representation theory of simple Lie
algebras.
As we have seen, under the hypotheses of Theorem 6.2, we obtain an explicit description for
a principal E(Λ)-connection on M = Tot(L×)/Γ in terms of representation theory, i.e. we have
Ψ ∈ Ω1(M ;C) locally described by
Ψ = −√−1
[
∂ log
(∣∣∣∣siv+µ(L)∣∣∣∣2)+ dww
]
, (6.25)
for some local section si : Ui ⊂ XP → GC. From this connection we have a Riemannian metric on M
defined by
g =
1
2
(
dΨ(id⊗ J) + ΨΨ
)
.
Moreover, from the identification Tot(L×) = C (Q(L)), as we have seen in Subsection 3.2, associated
to the Vaismans structure (M,J, g) we have the Lee form θ ∈ Ω1(M) given in terms of KH (locally)
by
θ = −
[
d log
(∣∣∣∣siv+µ(L)∣∣∣∣2)+ wdw + wdw|w|2
]
, (6.26)
see for instance Equation 3.47. It is worthwhile to observe that, we can also describe the anti-Lee
form ϑ = −θ ◦ J ∈ Ω1(M) by
ϑ = −
[
dc log
(∣∣∣∣siv+µ(L)∣∣∣∣2)− √−1|w|2 (wdw − wdw)
]
, (6.27)
for the above description see Equation 3.11, and Equation 3.49.
By combining the previous theorem with the result provided in [45], we obtain the following
theorem.
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Theorem 6.3. Let (M, g, J) be a compact l.c.K. manifold that admits an effective and transitive
smooth (left) action of a compact connected Lie group K, which preserves the metric g and the
complex structure J . Suppose also that Kss is simply connected and has a unique simple component.
Then, the following holds:
1. The manifold M is a principal T 1C-bundle over a complex flag manifold XP = K
C
ss/P , for some
parabolic Lie subgroup P = PΘ ⊂ KCss. Moreover, M is completely determined by a negative line
bundle L ∈ Pic(XP ), i.e.,
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1.
2. The associated l.c.K. structure on M is completely determined by the global Ka¨hler potential
KH : Tot(L
×)→ R+, defined in coordinates (z, w) ∈ L×|U by
KH
(
z, w
)
=
(∣∣∣∣sU(z)v+µ(L)∣∣∣∣2)ww,
for some local section sU : U ⊂ XP → KCss, where v+µ(L) is the highest weight vector of weight
µ(L) associated to the irreducible kCss-module V (µ(L)) = H
0(XP , L
−1)∗.
Proof. The result above can be obtained as follows. For the first item, we notice that from Theorem
5.1, Theorem 5.2, and Theorem 3.3, it follows that M is a principal T 1C-bundle over a complex flag
manifold XP = K
C
ss/P . Since XP has no torsion elements in H
2(XP ,Z), it follows that there exists a
negative line bundle L ∈ Pic(XP ) such that
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1, see for instance Theorem 3.3, and [117, Theorem 4.2].
For the second item, we notice that, since
dimH 1(M) = b1(M) = 1, (6.28)
where H 1(M) is the space of harmonic 1-forms, see Remark 5.1, it follows that there is f ∈ C∞(M)
such that the Lee form θh ∈ Ω1(M) of h = e−fg is a multiple of the 1-form 6.26, i.e.
θh = −c0
[
d log
(∣∣∣∣siv+µ(L)∣∣∣∣2)+ wdw + wdw|w|2
]
, (6.29)
for some real constant c0 ∈ R. In fact, by considering H1DR(M) = R[θ], such that θ ∈ Ω1(M) is given
by the expression 6.26, it follows that θg = c0θ + df , for some f ∈ C∞(M) and some real constant
c0 ∈ R. Thus, after a conformal change g 7→ h = e−fg, we obtain θg 7→ θh = θg − df . By considering
6.29, we can define a connection Ψh ∈ Ω1(M ;C) by setting
Ψh =
c0√−1
[
∂ log
(∣∣∣∣siv+µ(L)∣∣∣∣2)+ dww
]
, (6.30)
notice that Ψh = −ϑh +
√−1θh, such that ϑh = −θh ◦ J . On the other hand, we have a connection
on M defined by Ψg = −ϑg +
√−1θg, such that ϑg = −θg ◦ J . Hence, we obtain
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Ψg = Ψh + d
cf +
√−1df.
Since both dΨg and dΨh descend to a real Kss-invariant (1, 1)-form on XP , from the uniqueness of
Kss-invariant representative for the Chern class of the principal T
1
C-bundle M over XP , we obtain that
dΨg = dΨh. Therefore, we have √−1∂∂f = 1
2
ddcf = 0. (6.31)
Since M is a connected compact complex manifold, it follows that f is constant, so we obtain θg = θh.
Now, from the bundle-like feature of g, see Theorem 3.2, it follows that
g = dΨg(id⊗ J) + 12Ψg Ψg,
see Equation 3.4. Notice that, since Ψg = −ϑg +
√−1θg, such that ϑg = −θg ◦ J , and since dΨg
descends to a Ka¨hler metric on XP , we must have c0 > 0. Moreover, from the above description of g,
we have
Ω = g(J ⊗ id) = d(θg ◦ J)− θg ∧ (θg ◦ J), and dΩ = θg ∧ Ω.
Hence, we obtain that the Vaisman structure (g, J, θg) on M is completely determined by the Ka¨hler
potential KH : Tot(L
×)→ R+ defined in the item (2).
Remark (Analytic affine cones over flag varieties). Cones over smooth projective varieties provide a
simple class of isolated singularities. The relation between Theorem 6.3 and analytic affine cones over
flag varieties can be described as follows. In the setting of the last theorem, if we consider the pair
(XP , L), such that L ∈ Pic(XP ) is a negative line bundle, we have a projective embedding given by
ι : XP ↪→ P(V (µ(L))), ι : gP 7→
[
gv+µ(L)
]
, ∀gP ∈ XP ,
see Remark 6.1.1. Considering the projection pi : V (µ(L))\{0} → P(V (µ(L))), we have the analytic
affine cone over XP given by
C(XP , L) = pi
−1(XP ) ∪ {0} = GC · v+µ(L) ∪ {0}. (6.32)
The analytic affine cone C(XP , L) ⊂ V (µ(L)) is a (closed) analytic affine variety which has an
isolated singularity at 0 ∈ C(XP , L). Since a closed analytic subvariety of a Stein space is a Stein
space [52, Chapter V, § 1], we have that C(XP , L) is a singular Stein space. Moreover, the regular
locus of C(XP , L), which we denote by C(XP , L)reg = pi
−1(XP ), defines a principal C×-bundle over
XP ⊂ P(V (µ(L))), which is identified with the frame bundle of the dual to the hyperplane line bundle
OP(V (µ(L))(1) restrict to XP . Thus, by considering the identification 6.18, it follows that
C(XP , L)reg ∼= Tot(L×) =⇒ GC · v+µ(L) ∼= Tot(L×). (6.33)
From the characterization above, we have a resolution R : Tot(L) → C(XP , L) (a.k.a. Cartan-
Remmert reduction, see for instance instance [53]), such that R contracts to 0 the zero section
XP ⊂ L. In this situation R is the blow up of 0 in C(XP , L), and the exceptional divisor XP is the
projective tangent cone at 0 in C(XP , L). Hence, we can realize Tot(L) = Bl0(C(XP , L)).
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Figure 2: Cartan-Remmert reduction of a negative line bundle over a complex flag manifold. Here
we have the flag manifold XP realized as the projective tangent cone at the apex 0 of C(XP , L).
As we can see, from Theorem 6.3 we obtain a constructive method to describe Vaisman manifolds
by means of regular locus of analytic affine cones over flag manifolds. Furthermore, we have a concrete
description, in terms of the potential KH : C(XP , L)reg → R, for Ka¨hler metrics defined on the regular
locus of analytic affine cones over flag manifolds. We shall further explore later the ideas described
above taking into account basic elements of the algebraic geometry.
In order to prove our next result, let us recall some basic facts related to the canonical bundle
o flag manifolds. In the context of complex flag manifolds, the anticanonical line bundle can be
described as follows. Consider the identification
m =
∑
α∈Π+\〈Θ〉+
g−α = T 1,0x0 XP ,
where x0 = eP ∈ XP . We have the following characterization for T 1,0XP as an associated holomo-
prphic vector bundle to the principal P -bundle P ↪→ GC → XP :
T 1,0XP = G
C ×P m,
such that the twisted product on the right side above is obtained from the isotropy representation
Ad: P → GL(m). Let us introduce δP ∈ h∗ by setting
δP =
∑
α∈Π+\〈Θ〉+
α.
Since P = [P, P ]T (Σ\Θ)C, a straightforward computation shows that
det ◦Ad = χ−1δP , (6.34)
which implies that
K−1XP = det
(
T 1,0XP
)
= det
(
GC ×P m
)
= LχδP . (6.35)
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Moreover, since the holomorphic character associated to δP can be written as
χδP =
∏
α∈Σ\Θ
χ〈δP ,h
∨
α〉
ωα , (6.36)
it implies that
KXP =
⊗
α∈Σ\Θ
Oα(−`α), (6.37)
such that `α = 〈δP , h∨α〉,∀α ∈ Σ\Θ.
Remark. Notice that, from the above description, the fano index for a complex flag manifold XP is
given by
I(XP ) = gcd
(
〈δP , h∨α〉
∣∣∣ α ∈ Σ\Θ), (6.38)
here we suppose P = PΘ ⊂ GC, for some Θ ⊂ Σ. Thus, I(XP ) can be completely determined from
the Cartan matrix of gC.
Given a complex flag manifold XP , associated to some parabolic Lie subgroup P ⊂ GC, we can
consider the invariant Ka¨hler metric ρ0 ∈ Ω1,1(XP )G, such that
ρ0|U =
√−1∂∂ log
(∣∣∣∣sUv+δP ∣∣∣∣2), (6.39)
for some local section sU : U ⊂ XP → GC, notice that µ(KXP ) = δP . It is not difficult to see that
c1(XP ) =
[ ρ0
2pi
]
,
and by the uniqueness of G-invariant representative of c1(XP ), see for instance [40, page 13], it follows
that Ric∇(ρ0) = ρ0, i.e. ρ0 ∈ Ω1,1(XP )G defines a Ka¨hler-Einstein metric, see also [88].
Now, let us recall a well-known result which will play an important role in the proof of next
theorem. Given a Sasaki manifold (M, g), with structure tensors (φ, ξ, η), since M is a K-contact
manifold, we have that dη
2
defines a symplectic form on the distribution D = ker(η), which satisfies
Lξ(
dη
2
) = 0. Let us denote the transversal Riemannian metric on D by
gT =
1
2
dη(id⊗ φ), (6.40)
notice that J = φ|D defines an almost complex structure on D = ker(η), which is in fact integrable
due to the Sasaki condition 2.3, thus dη
2
is a Ka¨hler form. The relation between the Ricci curvature
of gT and g is given by the following theorem.
Theorem 6.4 ([19, Theorem 7.3.12]). Let (M, g) be a K-contact manifold of dimension 2n+ 1 with
structure tensors (φ, ξ, η). Then, the following identities hold:
1. Ricg(X, Y ) = RicgT (X, Y )− 2g(X, Y ), ∀X, Y ∈ D = ker η;
2. Ricg(X, ξ) = 2nη(X), ∀X ∈ TM.
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Remark. In the setting of theorem above, if we have Ric(gT ) = λ0g
T , for some real constant λ0 > 0,
we can take a > 0, such that
a =
λ0
2(n+ 1)
, (6.41)
and define
ga = ag + (a
2 − a)η ⊗ η, η′ = aη, ξ′ = 1
a
ξ, φ′ = φ. (6.42)
The change above is called D-homothetic transformation [112], and the resulting structure tensors
(ga, φ
′, ξ′, η′) also defines a K-contact structure on M . It is straightforward to see that gTa = ag
T , and
since Ric(agT ) = Ric(gT ), from the first item of Theorem 6.4 we obtain
Ricga(X, Y ) = RicgTa (X, Y )− 2ga(X, Y ) = 2(n+ 1)gTa − 2ga(X, Y ) = 2nga(X, Y ),
∀X, Y ∈ D = ker η, here in the last equality we used that ga|D = gTa . Since in the second item
of Theorem 6.4 remains essentially the same, namely, Ricga(X, ξ
′) = 2nη′(X), ∀X ∈ TM., we have
Ric(ga) = 2nga.
Definition. A compact Hermitian-Weyl manifold (M, [g], D, J) is said to be homogeneous if it admits
an effective and transitive smooth (left) action of a compact connected Lie group K, which preserves
the metric g and the complex structure J .
Now, we are able to prove the following result.
Theorem 6.5. Let (M, [g], D, J) be a compact homogeneous Hermitian-Einstein-Weyl manifold, such
that dimR(M) ≥ 6, and let K be the compact connected Lie group which acts on M by preserving
the Hermitian-Einstein-Weyl structure. Suppose also that Kss is simply connected and has a unique
simple component. Then, we have that
M = Tot(OXP (−`)×)/Z, (6.43)
for some ` ∈ Z>0, i.e. M is a principal T 1C-bundle over a complex flag manifold XP = KCss/P , for
some parabolic Lie subgroup P = PΘ ⊂ KCss. Moreover, the Hermitian-Einstein-Weyl metric g is
completely determined by the Lee form θg ∈ Ω1(M), locally described by
θg = − `
I(XP )
[
d log
(∣∣∣∣sUv+δP ∣∣∣∣2)+ I(XP )wdw + wdw|w|2
]
, (6.44)
for some local section sU : U ⊂ XP → KCss, where v+δP is the highest weight vector of weight δP
associated to the irreducible kCss-module V (δP ) = H
0(XP , K
−1
XP
)∗, and I(XP ) is the Fano index of XP .
Proof. From Proposition 4.1, Theorem 5.1, and Theorem 5.2, it follows that M is a principal T 1C-
bundle over a complex flag manifold XP = K
C
ss/P , for some parabolic Lie subgroup P = PΘ ⊂ KCss.
Moreover, we have that M is a flat principal S1-bundle over a compact homogeneous Sasaki manifold
Q, see Theorem 2.1.
Since the universal covering space Q˜ of Q is a compact homogeneous Sasaki-Einstein manifold,
see Remark 4.2 and Theorem 4.2, it follows that Q is also compact homogeneous Sasaki-Einstein
manifold, so pi1(Q) is finite. Now, from the long exact sequence of homotopy groups
· · · pi2(XP ) pi1(U(1)) pi1(Q) pi1(XP ) 0,∆
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since XP is simply connected, we have that pi1(Q) is trivial or a cyclic group, in the latter case
we have pi1(Q) = Z`, for some ` ∈ Z>0, so we obtain Q = Q˜/Z`. From Theorem 4.2, we have
Q˜ = Q(OXP (−1)), where OXP (−1) denotes the maximal root of the canonical bundle of XP . Thus,
if Q = Q˜/Z`, it implies that Q = Q(OXP (−`)).
At first, let us suppose that pi1(Q) is trivial. In this case we have M = Q˜× S1, see Remark 3.1,
and the associated presentation for M is given by
M =
(
Tot(OXP (−1)×),Z
)
. (6.45)
Under the considerations above, it follows from Theorem 4.2 that the Hermitian-Einstein-Weyl struc-
ture on M is obtained from the Ka¨hler Ricci-flat structure on the cone Tot(OXP (−1)×). In order
to explicitly describe this Hermitian-Einstein-Weyl structure, we observe the following. Since in this
case we have
OXP (−1) =
⊗
α∈Σ\Θ
Oα(−1)⊗
〈δP ,h∨α〉
I(XP ) ,
we can consider the Ka¨hler potential KH : OXP (−1)× → R+, described locally by
KH
(
z, w
)
=
( ∏
α∈Σ\Θ
∣∣∣∣si(z)v+ωα∣∣∣∣ 2〈δP ,h∨α〉I(XP ) )ww = (∣∣∣∣si(z)v+δP ∣∣∣∣ 2I(XP ))ww. (6.46)
From the Ka¨hler potential r2 = KH above we obtain a Ka¨hler form
ωC =
√−1
2
∂∂KH = d
(r2η
2
)
= e2ψ
(
dψ ∧ η + dη
2
)
,
such that ψ = log(r), and
η =
1
2
dc log(KH(z, w)) =
1
2I(XP )
dc log
(∣∣∣∣si(z)v+δP ∣∣∣∣2)+ dσi.
Notice that dη = pi∗
(
ρ0
I(XP )
)
, where pi : Q(OXP (−1))→ XP denotes the associated bundle projection.
Now, we observe that, if we consider the Sasaki structure (gS, φ, ξ, η) on Q(OXP (−1)), induced
as in 3.23, where the Sasaki metric gS on Q(OXP (−1)) is given by
gS =
1
2
dη(id⊗ φ) + η ⊗ η,
denoting by gTS the Ka¨hler (transversal) metric induced by
ρ0
2I(XP )
on XP , it follows from Theorem 6.4
that
1. RicgS(X, Y ) = RicgTS (X, Y )− 2gS(X, Y ), ∀X, Y ∈ D ∼= TXP ,
2. RicgS(X, ξ) = 2 dimC(XP )η(X), ∀X ∈ TQ(OXP (−1)).
Thus, since Ric(gTS ) = 2I(XP )g
T
S , see Equation 6.39, by considering the D-homothetic transformation
defined by
a =
I(XP )
dimC(XP ) + 1
, (6.47)
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we obtain a Sasaki structure (ga, φ,
1
a
ξ, aη) on Q(OXP (−1)), with rescaled metric ga given by
ga =
I(XP )
dimC(XP ) + 1
(
1
2
dη(id⊗ φ) + I(XP )
dimC(XP ) + 1
η ⊗ η
)
, (6.48)
cf. [31, Theorem 2]. The metric above satisfies Ric(ga) = 2 dimC(XP )ga, see Remark 6.1.2, so it
defines the appropriate Sasaki-Einstein structure to be considered. From the Sasaki-Einstein structure
(ga, φ,
1
a
ξ, aη), we can consider the Ricci-flat metric on Tot(OXP (−1)×) defined by
gCY = r
2ga + dr ⊗ dr, (6.49)
see [19, Corollary 11.1.8], notice that r2 = KH , such that KH is defined in 6.46. From the D-
homothetic transformation induced by 6.47, the complex structure J ∈ End(T (Tot(OXP (−1)×)))
becomes
J (Y ) = φ(Y )− aη(Y )r∂r, J (r∂r) = 1
a
ξ. (6.50)
By taking ψ = log(r), we obtain gCY = e
2ψ
(
ga + dψ ⊗ dψ
)
, and
ωCY = gCY (J ⊗ id) = a
(
rdr ∧ η + r
2
2
dη
)
= ae2ψ
(
dψ ∧ η + dη
2
)
. (6.51)
From this, we can consider the globally conformally Ka¨hler structure (Ω˜,J , θ˜) on Tot(OXP (−1)),
such that
Ω˜ = e−2ψωCY = a
(
dψ ∧ η + dη
2
)
, (6.52)
notice that dΩ˜ = (−2dψ) ∧ Ω˜, so we have θ = −2dψ. Therefore, we obtain a precise description of
the Hermitian-Einstein-Weyl structure (Ω, J, θ) on M = Tot(OXP (−1)×)/Z in terms of the Ricci-flat
structure of Tot(OXP (−1)×), i.e. we have
℘∗Ω = a
(
dψ ∧ η + dη
2
)
, J ◦ ℘∗ = ℘∗ ◦J , and ℘∗θ = −2dψ, (6.53)
such that ℘ : Tot(OXP (−1)×) → M is the associated projection map. By denoting θ = θg, where
g = Ω(id⊗ J), we have locally
θg = − 1
I(XP )
[
d log
(∣∣∣∣sUv+δP ∣∣∣∣2)+ I(XP )wdw + wdw|w|2
]
, (6.54)
for some local section sU : U ⊂ XP → KCss.
In order to see that the expression 6.54 defines completely the Hermitian-Einstein-Weyl struc-
ture on M , we proceed as follows: By considering the Ka¨hler Ricci-flat structure (ωCY ,J ) on
Tot(OXP (−1)×), we notice that, since ψ = log(r), it follows from 6.50 that
− θ˜ ◦J = 2dψ ◦J = 2dr
r
◦J = −2aη. (6.55)
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Thus, since ℘∗θg = θ˜, the anti-Lee form ϑg = −θg ◦ J associated to the Hermitian-Einstein-Weyl
structure (Ω, J, θ) on M described in 6.53 is locally given by
ϑg = − 1
dimC(XP ) + 1
[
dc log
(∣∣∣∣sUv+δP ∣∣∣∣2)− I(XP )√−1|w|2 (wdw − wdw)
]
, (6.56)
cf. Remark 3.2. Therefore, considering M as a principal T 1C-bundle over XP , one can define a principal
T 1C-connection Ψg = −ϑg +
√−1θg ∈ Ω1(M ;C). It is straightforward to see that Ψg ◦ J =
√−1Ψg,
and dΨg = p
∗
Λω for some Ka¨hler form ω ∈ Ω1,1(XP )G. Thus, since ℘∗θg = −2ψ and ℘∗ϑg = −2aη,
from Theorem 3.4, one obtains
g = Ω(id⊗ J) = 1
4
(
dΨg +
1
2
Ψg Ψg
)
, (6.57)
where (Ω, J, θg) is described in 6.53, i.e.
℘∗g = ga + dψ ⊗ dψ = e−2ψgCY . (6.58)
Hence, since Ψg = θg ◦ J +
√−1θg, we have (Ω, J, θg) completely determined by θg. The expression
above shows how the Hermitian-Einstein-Weyl metric g on M is conformally related to the Ricci-flat
Ka¨hler metric gCY on Tot(OXP (−1)×).
Now, as we have seen, in the general case we have Q = Q˜/Z`, and M = Q˜ ×Z` S1. In this case,
the associated (minimal) presentation is given by
M =
(
Tot(OXP (−`)×),Z
)
.
The proof for item (2) in this case is essentially the same as the previous case. In fact, we just need
to consider the Ka¨hler potential KH : Tot(OXP (−`)×)→ R, locally described by
KH
(
z, w
)
=
(∣∣∣∣si(z)v+δP ∣∣∣∣ 2`I(XP ))ww,
and take a D-homothetic transformation on the Sasaki structure of Q defined by
a =
ord(pi1(Q))I(XP )
dimC(XP ) + 1
, (6.59)
here we denote ` = ord(pi1(Q)). From this, proceeding exactly as in the previous case, we obtain the
desired expression for the Lee form provided in item (2) and a complete description of the Hermitian-
Einstein-Weyl metric in terms of this 1-form.
Remark. It is worth pointing out that, the expression 6.56 above shows how the D-homothetic
transformation in the underlying Sasaki structure defined by 6.47 afects the Vaisman structure on
M = Tot(OXP (−1)×)/Z provided by Theorem 6.2. We also point out that, in the general case
M = Tot(OXP (−`)×)/Z, the anti-Lee form is given by
ϑg = − ord(pi1(Q))
dimC(XP ) + 1
[
dc log
(∣∣∣∣sUv+δP ∣∣∣∣2)− I(XP )√−1|w|2 (wdw − wdw)
]
, (6.60)
here, as before, we denote ` = ord(pi1(Q)).
57
Remark (Hamilton-Jacobi equation). In the setting of Theorem 6.5 we have a quite interesting under-
lying relation with Hamilton-Jacobi theory [25, Chapter 7] which can be briefly formulated as follows:
Under the hypotheses of Theorem 6.5, by denoting M˜ = Tot(OXP (−1)×) we can consider the smooth
function f ∈ C∞(M˜) given by
f(z, w) =
1
2
log
(
KH(z, w)
)
, where KH(z, w) =
(∣∣∣∣si(z)v+δP ∣∣∣∣ 2I(XP ))ww, (6.61)
notice that f = ψ = log(r). Considering the Riemannian metric on M˜ defined by g˜ = e−2fgCY ,
namely,
g˜ = ga + df ⊗ df ,
it follows that ||∇f ||g˜ = 113. Thus, by taking the gradient flow γ(u, ·) : R→ M˜ of f , through a point
u ∈ M˜ , we have that
f(γ(u, t)) = f(u) + t, ∀t ∈ R. (6.62)
We notice that ∇f is a Killing vector field, and from Koszul’s identity we have
2g˜(∇˜X(∇f), Y ) = d(df)(X, Y ) + (L∇fg)(X, Y ) = 0, (6.63)
∀X, Y ∈ Γ(TM˜), i.e. ∇f is parallel. Now, we consider the natural Lagrangian L: TM˜ → [0,+∞)
defined by
L(u; v) =
1
2
g˜u(v, v), (6.64)
such that (u; v) ∈ TM˜ . Since ∇f is parallel, it follows that the gradient flow of f is a solution of the
Euler-Lagrange equation
d
dt
(
dL
dϕ
)
− dL
dϕ˙
= 0, (6.65)
here we consider ϕ(t) = γ(u, t), ∀t ∈ R, and u ∈ M˜ . Therefore, if we define S: R× M˜ → R by setting
S(t, u) =
1
4
f
(
γ(u, t)
)
, (6.66)
since ||∇f ||g˜ = 1, from Equation 6.62 it is straightforward to see that
S
(
t, ϕ(t)
)
= S0 +
∫ t
t0
L
(
ϕ(s); ϕ˙(s)
)
ds, such that S0 = S
(
t0, ϕ(t0)
)
, (6.67)
where ϕ(t) = γ(u, t), ∀t ∈ R. Hence, we have that S is a solution of the Hamilton-Jacobi equation
∂S
∂t
+ H
(
ϕ;
∂S
∂ϕ
)
= 0, (6.68)
13It is worth pointing out that, the condition ||∇f ||g˜ = 1 implies that ∇f is complete, see for instance [118, Theorem
1.7].
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with the initial condition S0 = S
(
t0, ϕ(t0)
)
, where H: TM˜ → [0,+∞) is the Hamiltonian associated
to the Lagrangian L, i.e.
H(u; v) =
1
2
g˜u(v, v), ∀(u; v) ∈ TM˜. (6.69)
Actually, in order to check that Equation 6.68 holds, we observe that
∂S
∂t
= L(ϕ; ϕ˙)− g˜ϕ
(
∂S
∂ϕ
, ϕ˙
)
, and H
(
ϕ;
∂S
∂ϕ
)
= g˜ϕ
(
∂S
∂ϕ
, ϕ˙
)
− L(ϕ; ϕ˙), (6.70)
further details about the ideas above can be found in [25, Theorem 7.9].
6.1.3 Examples of Vaisman structures and Hermitian-Einstein-Weyl metrics
In this subsection we shall provide some examples which illustrate the results presented in the previous
subsection. In what follows we fix the notations and conventions used in Subsection 6.1.1.
Remark. In order to do some local computations, it will be useful for us to consider the analytic
cellular decomposition of complex flag manifolds by means Schubert cells [79, § 3.1]. Being more
precise, in what follows we shall consider the open set defined by the “opposite” big cell in XP .
This open set is a distinguished coordinate neighbourhood U ⊂ XP of x0 = eP ∈ XP defined by
the maximal Schubert cell. A brief description for the opposite big cell can be done as follows: Let
Π = Π+ ∪Π− be the root system associated to a simple root system Σ ⊂ h∗, from this we can define
the opposite big cell U ⊂ XP by
U = B−x0 = Ru(PΘ)−x0 ⊂ XP ,
where B− = exp(h⊕ n−), and
Ru(PΘ)
− =
∏
α∈Π−\〈Θ〉−
N−α , (opposite unipotent radical)
with N−α = exp(gα), ∀α ∈ Π−\〈Θ〉−. It is worth mentioning that the opposite big cell defines a
contractible open dense subset in XP , thus the restriction of any vector bundle over this open set is
trivial. For further results about Schubert cells and Schubert varieties we suggest [79].
Example 6.1 (Basic model). By keeping the notation of Subsection 6.1.1, consider GC as being a
simple Lie group, and take Θ = Σ\{α}, for some fixed α ∈ Σ. Let us denote by PΘ = Pωα , such
that ωα ∈ Λ∗Z≥0 , the parabolic Lie subgroup associated to Θ ⊂ Σ. From this, we can consider the flag
manifold
XPωα = G
C/Pωα . (6.71)
From Proposition 6.1, we have that Pic(XPωα ) = Zc1(Oα(1)), a straightforward computation shows
that
I(XPωα ) = 〈δPωα , h∨α〉, and K
⊗ 1〈δPωα ,h∨α〉
XPωα
= Oα(−1). (6.72)
Hence, given a negative line bundle L ∈ Pic(XPωα ), it follows that
L = Oα(−`),
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for some integer ` ∈ Z, such that ` > 0. Now, we can associate to L an irreducible gC-module V (µ(L))
with highest weight vector v+µ(L) ∈ V (µ(L)), such that
V (µ(L)) ⊂ V (ωα)⊗`, and v+µ(L) = v+ωα ⊗ · · · ⊗ v+ωα︸ ︷︷ ︸
`-times
,
notice that µ(L) = `ωα, see Equation 6.14. From the above data we can consider the manifold
M = Tot(Oα(−`)×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z}, (6.73)
for some λ ∈ C×, such that |λ| < 1. Applying Theorem 6.3 we obtain a (Vaisman) l.c.K. structure
(Ω, J, θ) on M completely determined by the Ka¨hler potential KH : Tot(L
×) → R+, which can be
describe in coordinates (z, w) ∈ Oα(−`)×|U by
KH
(
z, w
)
=
(∣∣∣∣sU(z)v+ωα∣∣∣∣2`)ww, (6.74)
for some local section sU : U ⊂ XPωα → GC. By means of the Ka¨hler potential above we can describe
the l.c.K. structure (Ω, J, θ) on M from the Lee form
θ = −`
[
d log
(∣∣∣∣sUv+ωα∣∣∣∣2)+ 1` wdw + wdw|w|2
]
, (6.75)
recall that ϑ = −θ ◦ J , and Ω = −1
4
(dϑ− θ ∧ ϑ), see Remark 6.1.2 and Remark 3.2.
If we consider ` = 1, it follows that L = Oα(−1), i.e. L is the maximal root of the canonical
bundle of XPωα , see Equation 6.72. In this particular case, by applying Theorem 6.5 on a compact
Homogeneous Hermitian-Einstein-Weyl K-manifold of the form M = Tot(Oα(−1)×)/Z, such that
KCss = G
C, we have the Hermitian-Einstein-Weyl structure (Ω, J, θg) on M completely determined by
θg = − 1〈δPωα , h∨α〉
[
d log
(∣∣∣∣sUv+δPωα ∣∣∣∣2)+ 〈δPωα , h∨α〉wdw + wdw|w|2
]
, (6.76)
recall that g = Ω(id⊗J), see Equation 6.57. Notice that, in this latter setting, the complex structure
J ∈ End(TM) is obtained from a complex structure on Tot(Oα(−1)×) after a suitable D-homothetic
transformation induced from
a =
〈δPωα , h∨α〉
dimC(XPωα ) + 1
, (6.77)
on the Sasaki structure defined on the unitary frame bundle of Oα(−1), see for instance 6.50.
The ideas above provide a constructive method to describe a huge class of concrete examples of
Vaisman manifolds and homogeneous Hermitian-Einstein-Weyl manifolds associated to complex flag
manifolds with Picard number equal to one. In what follows we shall further explore the application
of the previous ideas in a class of concrete examples provided by complex Grassmannians.
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Example 6.2 (Complex Grassmannian). Consider GC = SL(n+1,C), by fixing the Cartan subalgebra
h ⊂ sl(n+ 1,C) given by diagonal matrices whose the trace is equal to zero, we have the set of simple
roots given by
Σ =
{
αl = l − l+1
∣∣∣ l = 1, . . . , n},
here we consider l : diag{a1, . . . , an+1} 7→ al, ∀l = 1, . . . , n+ 1. Therefore, the set of positive roots is
given by
Π+ =
{
αij = i − j
∣∣∣ i < j},
notice that αl = αll+1, ∀l = 1, . . . , n. Considering Θ = Σ\{αk} and P = Pωαk , we have the complex
Grassmannian manifold
Gr(k,Cn+1) = SL(n+ 1,C)/Pωαk .
A straightforward computation shows that Pic(Gr(k,Cn+1)) = Zc1(Oαk(1)), and we can also show
that 〈
δPωαk , h
∨
αk
〉
= n+ 1 =⇒ K⊗
1
n+1
Gr(k,Cn+1) = Oαk(−1). (6.78)
Now, given a negative line bundle L ∈ Pic(Gr(k,Cn+1)), we have L = Oαk(−`), for some integer
` > 0. From the above data and the previous example, we can consider the manifold defined by
M = Tot(Oαk(−`)×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1. Applying Theorem 6.3 we obtain a (Vaisman) l.c.K. structure
(Ω, J, θ) on M completely determined by the Ka¨hler potential KH : Tot(L
×) → R+, which can be
described in coordinates (z, w) ∈ Oαk(−`)×|U by
KH
(
z, w
)
=
(∣∣∣∣sU(z)v+ωαk ∣∣∣∣2`)ww.
In order to provide a concrete description for the potential above, we proceed as follows: Since we
have
V (ωαk) =
∧k(Cn+1), and v+ωαk = e1 ∧ . . . ∧ ek,
we fix the canonical basis ei1 ∧ · · · ∧ eik , {i1 < . . . < ik} ⊂ {1, . . . , n+ 1}, for V (ωαk) =
∧k(Cn+1). By
taking the coordinate neighborhood defined by the opposite big cell U = Ru(Pωαk )
−x0 ⊂ Gr(k,Cn+1),
from the parameterization
Z ∈ C(n+1−k)k 7→ n(Z)x0 =
(
1k 0k,n+1−k
Z 1n+1−k
)
x0,
here we identified C(n+1−k)k ∼= Mn+1−k,k(C) and consider Z = (zij), we can take the local section
sU : U ⊂ Gr(k,Cn+1)→ SL(n+ 1,C) defined by
sU(n(Z)x0) = n(Z) =
(
1k 0k,n+1−k
Z 1n+1−k
)
.
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The local section above allows us to write locally
KH
(
Z,w
)
=
(∑
I
∣∣∣∣ detI
(
1k
Z
) ∣∣∣∣2
)`
ww, (6.79)
where the sum above is taken over all k × k submatrices whose the lines are labeled by the set of
index I = {i1 < . . . < ik} ⊂ {1, . . . , n+ 1}. By means of the Ka¨hler potential above we can describe
the l.c.K. structure (Ω, J, θ) on M from the Lee form
θ = −`
[
d log
(∑
I
∣∣∣∣ detI
(
1k
Z
) ∣∣∣∣2
)
+
1
`
wdw + wdw
|w|2
]
. (6.80)
From Equation 6.78, and Theorem 6.5, for the particular case ` = 1, if we consider a compact
homogeneous Hermitian-Einstein-Weyl K-manifold of the form M = Tot(Oαk(−1)×)/Z, such that
Kss = SU(n + 1), the homogeneous Hermitian-Einstein-Weyl structure (Ω, J, θg) on M is completely
determined by the Lee form
θg = −
[
d log
(∑
I
∣∣∣∣ detI
(
1k
Z
) ∣∣∣∣2
)
+
wdw + wdw
|w|2
]
, (6.81)
notice that g = Ω(id⊗ J), and Ω = −dϑg + θg ∧ ϑg, with ϑg = −θg ◦ J .
A particular low dimensional example of the construction above is provided by Gr(2,C4) =
SL(4,C)/Pωα2 (Klein quadric). In this case we have
V (ωα2) =
∧2(C4) and v+ωα2 = e1 ∧ e2,
here we fix the basis {ei ∧ ej}i<j for V (ωα2) =
∧2(C4). Similarly to the previous computations,
we consider the open set defined by the opposite big cell U = B−x0 ⊂ Gr(2,C4). This open set is
parameterized by local coordinates z 7→ n(z)x0 ∈ U given by
z = (z1, z2, z3, z4) ∈ C4 7→
 1 0 0 00 1 0 0z1 z3 1 0
z2 z4 0 1
x0 ∈ U = B−x0.
Given a negative line bundle L ∈ Pic(Gr(2,C4)), we have L = Oα2(−`), for some integer ` > 0. From
the above data and the previous ideas we can consider the manifold
M = Tot(Oα2(−`)×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1. Applying Theorem 6.3 we obtain a (Vaisman) l.c.K. structure
(Ω, J, θ) on M completely determined by the Ka¨hler potential KH : Tot(Oα2(−`)×) → R+, which in
turn can be described in coordinates (z, w) ∈ Oα2(−`)×|U by
KH
(
z, w
)
=
(∣∣∣∣sU(z)v+ωα2 ∣∣∣∣2`)ww.
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Thus, by considering the local section sU : U ⊂ Gr(2,C4) → SL(4,C), such that sU(n(z)x0) = n(z),
we obtain the concrete expression
KH
(
z, w
)
=
(
1 +
4∑
k=1
|zk|2 +
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2
)`
ww. (6.82)
By means of the Ka¨hler potential above we can describe the l.c.K. structure (Ω, J, θ) on M from the
Lee form
θ = −`
[
d log
(
1 +
4∑
k=1
|zk|2 +
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2
)
+
1
`
wdw + wdw
|w|2
]
. (6.83)
It is worthwhile to observe that in this case we have the Fano index of Gr(2,C4) given by I(Gr(2,C4)) =
4, thus we obtain
K
⊗ 1
4
Gr(2,C4) = Oα2(−1).
As before, from Theorem 6.5, for the particular case ` = 1, for a compact homogeneous Hermitian-
Einstein-Weyl K-manifold of the form M = Tot(Oαk(−1)×)/Z, such that Kss = SU(4), the homoge-
neous Hermitian-Einstein-Weyl structure (Ω, J, θg) on M is completely determined by the Lee form
θg = −
[
d log
(
1 +
4∑
k=1
|zk|2 +
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2
)
+
wdw + wdw
|w|2
]
. (6.84)
It is worth pointing out that, in this particular case, the compact simply connected Sasaki manifold
defined by the sphere bundle of Oα2(−1) is given by the Stiefel manifold, namely, the underlying
homogeneous Boothby-Wang fibration is given by the Tits fibration
S1 ↪→ V2(R6)→ Gr(2,C4),
such that V2(R6) is the Stiefel manifold. Therefore, we obtain M = V2(R6)× S1.
Now, let us briefly describe a low dimensional particular example of the construction provided
in Example 6.1. The example below is a classic example in the literature of Hermitian non-Ka¨hler
manifolds.
Example 6.3 (Hopf surface). Another particular case of the previous construction is given by principal
T 1C-bundles over the projective space CP1.
In what follows we shall consider the representation of sl(2,C) as a differential operator algebra,
further details about this representation can be found in [113].
Consider GC = SL(2,C), and fix the triangular decomposition for sl(2,C) given by
sl(2,C) =
〈
x =
(
0 1
0 0
)〉
C
⊕
〈
h =
(
1 0
0 −1
)〉
C
⊕
〈
y =
(
0 0
1 0
)〉
C
.
Notice that the decomposition above is codified in the simple root system and the root system given,
respectively, by Σ = {α}, and Π = {α,−α}. Also, notice that we have the set of linear representations
of sl(2,C) parameterized by
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Λ∗Z≥0 = Z≥0ωα.
By choosing Θ = Σ, we have PΘ = B (Borel subgroup), and then we obtain
XB = SL(2,C)/B = CP1.
The analytic cellular decomposition in this case is given by
XB = CP1 = N−x0 ∪ pi
((
0 1
−1 0
))
,
such that x0 = eB, and
N− =
{(
1 0
z 1
) ∣∣∣∣∣ z ∈ C
}
.
From the cellular decomposition above we take the open set defined by the opposite big cell U =
N−x0 ⊂ XB, and the local section sU : U ⊂ CP1 → SL(2,C) defined by
sU(nx0) = n, ∀n ∈ N−. (6.85)
It is worthwhile to observe that in this case we have the open set U = N−x0 ⊂ CP1 parameterized by
z ∈ C 7→
(
1 0
z 1
)
x0 ⊂ CP1.
Further, we have Pic(CP1) = Zc1(Oα(1)), so we obtain
I(CP1) = 〈δB, h∨α〉 = 2 =⇒ K⊗
1
2
CP1 = Oα(−1). (6.86)
Now, in order to describe the representation theory data required in our approach, we may think
sl(2,C) as the operator algebra generated by
x = X
∂
∂Y
, y = Y
∂
∂X
, h = X
∂
∂X
− Y ∂
∂Y
. (6.87)
From this, we can consider for each integer ` > 0 the irredicible sl(2,C)-module
V (`ωα) =
{
P (X, Y ) ∈ C[X, Y ] ∣∣∣ P (X, Y ) is homogeneous and deg(P ) = `}. (6.88)
The weight spaces of h ∈ sl(2,C) are the 1-dimensional spaces spanned by the elements.
Pk(X, Y ) = X
`−kY k, k = 0, . . . , `. (6.89)
It is straightforward to see that the highest weight vector is given by v+`ωα = P0(X, Y ) ∈ V (`ωα).
Now, by considering the Iwasawa decomposition
n(z) =
(
1 0
z 1
)
= g
(√
1 + |z|2 0
0 (
√
1 + |z|2)−1
)(
1 z
1+|z|2
0 1
)
,
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for some g ∈ SU(2), and z ∈ C, it follows that
n(z)v+`ωα = (1 + |z|2)
`
2 gv+`ωα .
Hence, given a negative line bundle L ∈ Pic(CP1), such that L = Oα(−`), for some integer ` > 0, we
can consider the manifold
M = Tot(Oα(−`)×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z}.
Considering a norm || · || in V (`ωα) induced from some SU(2)-invariant inner product, we have
from Theorem 6.2 a (Vaisman) l.c.K. structure (Ω, J, θ) on M completely determined by the Ka¨hler
potential KH : Tot(L
×)→ R+, which is defined in coordinates (n(z), w) ∈ L×|U by
KH
(
n(z), w
)
= (1 + |z|2)`ww, (6.90)
here we consider ||v+`ωα|| = 1, see Equation 6.74. By means of the Ka¨hler potential above we can
describe the l.c.K. structure (Ω, J, θ) on M from the Lee form
θ = −`
[
d log
(
1 + |z|2)+ 1
`
wdw + wdw
|w|2
]
= −`zdz + zdz
1 + |z|2 −
wdw + wdw
|w|2 . (6.91)
From Theorem 6.5, for the particular case ` = 1, if we consider a compact homogeneous Hermitian-
Einstein-Weyl K-manifold of the form M = Tot(Oα(−1)×)/Z, such that Kss = SU(2), it follows that
M = Tot(Oα(−1)×)/Z = S3×S1, notice that the associated underlying homogeneous Boothby-Wang
fibration defined by the spehere bundle of Oα(−1) is given by the Hopf fibration
S1 ↪→ S3 → CP1.
Moreover, the homogeneous Hermitian-Einstein-Weyl structure (Ω, J, θg) on M is completely deter-
mined by the Lee form
θg = −zdz + zdz
1 + |z|2 −
wdw + wdw
|w|2 , (6.92)
see Equation 6.44. A remarkable result of Kodaira [75] asserts that any compact complex manifold
which is homeomorphic to S3 × S1 is complex analytically homeomorphic to (C2\{0})/Γ, where Γ is
an infinite cyclic group generated by a complex analytic automorphism a : C2\{0} → C2\{0}, such
that
a :
(
z1, z2
) 7→ (sz1 + λzm2 , tz2), (6.93)
with m being a positive integer and s, λ, t being complex numbers satisfying
0 < |s| ≤ |t| < 1, (tm − s)λ = 0. (6.94)
The manifolds (C2\{0})/Γ defined as above are known as primary Hopf surface. The example which
we have described above belongs to the particular class of primary Hopf surfaces of class 1, i.e., the
class of primary Hopf surfaces which satisfy: λ = 0 and s = t. For a description of Locally conformally
Ka¨hler metrics on primary Hopf surfaces we suggest [46], [8].
In 1948, H. Hopf [61] gave the first examples of compact complex manifolds which are non-Ka¨hler
by showing that S2m+1× S1 admits a complex structure for any positive integer m. These structures
are obtained from the quotient of Cm+1\{0} by a holomorphic and totally discontinuous action of Z.
The construction which we have described above by meas of representation theory of Lie algebras can
be naturally generalized to CPm. Actually, by considering CPm = Gr(1,Cm+1), from Example 6.2 we
obtain
65
CPm = SL(m+ 1,C)/Pωα1 .
Thus, it follows that
Pic(CPm) = Zc1
(
Oα1(1)
)
=⇒ K⊗
1
m+1
CPm = Oα1(−1). (6.95)
Since in this case we have V (ωα1) = Cm+1 and v+ωα1 = e1, if we take the open set defined by the opposite
big cell U = Ru(Pωα1 )
−x0 ⊂ CPm, where x0 = ePωα1 (trivial coset), we have that U = Ru(PΘ)−x0
can be parameterized by
(z1, . . . , zm) ∈ Cm 7→

1 0 · · · 0
z1 1 · · · 0
...
...
. . .
...
zm 0 · · · 1
x0 ∈ U = Ru(Pωα1 )−x0.
Fro the sake of simplicity, we denote the matrix above by n(z) ∈ SL(m + 1,C). From this, we can
take a local section sU : U ⊂ CPm → SL(m+ 1,C), defined by
sU(n(z)x0) = n(z) ∈ SL(m+ 1,C),
such that z = (z1, . . . , zm) ∈ Cm. Thus, by considering a negative line bundle L ∈ Pic(CPm), since
L = Oα1(−`), for some integer ` > 0, we have KH : Tot(Oα1(−`)×)→ R+, which is described in local
coordinates (z, w) ∈ Oα1(−`)×|U by
KH(z, w) =
(
1 +
m∑
k=1
|zk|2
)`
ww,
see Equation 6.79. Therefore, by considering the manifold
M = Tot(Oα1(−`)×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1, we can describe the (Vaisman) l.c.K. structure (Ω, J, θ) on M
from the Lee form
θ = −`
[
d log
(
1 +
m∑
k=1
|zk|2
)
+
1
`
wdw + wdw
|w|2
]
= −`
m∑
i=1
zidzi + zidzi(
1 +
∑m
k=1 |zk|2
) − wdw + wdw|w|2 . (6.96)
Similarly to the previous example, from Theorem 6.5, for the particular case ` = 1, if we consider
a compact homogeneous Hermitian-Einstein-Weyl K-manifold of the form M = Tot(Oα1(−1)×)/Z,
such that Kss = SU(m + 1), it follows that M = Tot(Oα1(−1)×)/Z = S2m+1 × S1, notice that the
associated underlying homogeneous Boothby-Wang fibration defined by the sphere bundle of Oα1(−1)
is given by the complex Hopf fibration
S1 ↪→ S2m+1 → CPm.
Further, the homogeneous Hermitian-Einstein-Weyl structure (Ω, J, θg) on M is completely deter-
mined by the Lee form
θg = −
m∑
i=1
zidzi + zidzi(
1 +
∑m
k=1 |zk|2
) − wdw + wdw|w|2 . (6.97)
Therefore, we obtain a complete description of the homogeneous Hermitian-Einstein-Weyl structure
on the Hopf manifold S2m+1 × S1 by means of elements of Lie theory.
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Remark (Lens space). I is worth mentioning that the previous ideas used in the description of the
Vaisman structure on M = S2m+1 × S1 also can holds for any manifold of the form
M = L(m; `)× S1,
where L(m; `) = S2m+1/Z` (Lens space), ∀` ∈ Z>0. Actually, by considering Oα1(−`)→→ CPm, it is
not difficult to see that the underlying homogeneous Boothby-Wang fibration defined by the sphere
bundle of Oα1(−`) is given by the complex Hopf fibration
S1 ↪→ L(m; `)→ CPm.
In order to equip M = L(m; `)× S1 with a (Vaisman) l.c.K. structure, we just need to observe that
Tot(Oα1(−`))→M defines a Ka¨hler covering, so we can apply Theorem 6.5.
Our next example is also a constructive model obtained as a particular case from the results
established in the previous section.
Example 6.4 (Elliptic bundles over Full flag manifolds). Recall that a full flag manifold is defined
as the homogeneous space given by G/T , where G is a compact simple Lie group, and T ⊂ G is a
maximal torus. For the sake of simplicity, let us suppose also that G is simply connected.
Considering the root system Π = Π+ ∪Π− associated to the pair (G, T ) [71], from the complexi-
fication GC of G we have an identification
G/T ∼= GC/B, (6.98)
where B ⊂ GC is a Borel subgroup such that B ∩G = T . From Proposition 6.1, we have
Pic(G/T ) =
⊕
α∈Σ
Zc1
(
Oα(1)
)
. (6.99)
Therefore, given a negative line bundle L ∈ Pic(G/T ), it follows that
L =
⊗
α∈Σ
Oα(−`α),
such that `α > 0, ∀α ∈ Σ. From Theorem 6.5, we have a Ka¨hler potential KH : Tot(L×) → R+,
defined in coordinates (z, w) ∈ L×|U by
KH
(
z, w
)
=
(∏
α∈Σ
∣∣∣∣sU(z)v+ωα∣∣∣∣2`α)ww = (∣∣∣∣sU(z)v+µ(L)∣∣∣∣2)ww, (6.100)
for some local section sU : U ⊂ GC/B → GC, where v+µ(L) is the highest weight vector of weight µ(L)
for the irreducible gC-module V (µ(L)) = H0(G/T, L−1)∗, see Equation 6.14. Hence, by considering
the manifold
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
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for some λ ∈ C×, such that |λ| < 1, from the Ka¨hler potential described above we have a (Vaisman)
l.c.K. structure (Ω, J, θ) on M , such that the Lee form θ is locally given by
θ = −
[
d log
(∣∣∣∣sUv+µ(L)∣∣∣∣2)+ wdw + wdw|w|2
]
. (6.101)
Now, if we consider
% =
1
2
∑
α∈Π+
α, (6.102)
it follows that δB = 2%. Therefore, from Equation 6.35, since I(G/T ) = 2 [62, § 13.3], it follows that
KG/T = L
−1
χ2%
=⇒ OG/T (−1) = L−1χ% , (6.103)
recall that K
⊗ 1
I(G/T )
G/T = OG/T (−1). Thus, if we consider a compact homogeneous Hermitian-Einstein-
Weyl K-manifold of the form M = Tot(OG/T (−1)×)/Z, such that Kss = G, the homogeneous
Hermitian-Einstein-Weyl structure (Ω, J, θg) on M is completely determined by the Lee form locally
describe by14
θg = −1
2
[
d log
(∣∣∣∣sUv+2%∣∣∣∣2)+ 2wdw + wdw|w|2
]
= −d log
(∣∣∣∣sUv+% ∣∣∣∣2)− wdw + wdw|w|2 , (6.104)
for some local section sU : U ⊂ G/T → GC, where v+% denotes the highest weight vector of weight %
for the irreducible gC-module V (%). Notice that g = Ω(id⊗ J), see Equation 6.57.
In order to illustrate the ideas described above by means of a concrete example, consider G =
SU(n+ 1) and the full flag manifold
SU(n+ 1)/T n = SL(n+ 1,C)/B,
here we fix the same Lie-theoretical data for sl(n+ 1,C) as in Example 6.2. By taking a negative line
bundle L ∈ Pic(SU(n+ 1)/T n), we can consider the manifold
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1. From Theorem 6.3, we have a (Vaisman) l.c.K. structure (Ω, J, θ)
on M completely determined by the Ka¨hler potential KH : Tot(L
×)→ R+, which can be described as
follows. As we have seen in Example 6.2, in this particular case we have the irreducible fundamental
sl(n+ 1,C)-modules given by
V (ωαk) =
∧k(Cn+1), and v+ωαk = e1 ∧ . . . ∧ ek,
such that k = 1, . . . , n. Let U = Ru(B)
−x0 ⊂ SL(n+ 1,C)/B be the opposite big cell. This open set
is parameterized by the holomorphic coordinates
z ∈ Cn(n+1)2 7→ n(z)x0 =

1 0 0 · · · 0
z21 1 0 · · · 0
z31 z32 1 · · · 0
...
...
...
. . .
...
zn+1,1 zn+1,2 zn+1,3 · · · 1
x0,
14It is worthwhile to observe that v+2% = v
+
% ⊗ v+% , such that v+% ∈ V (%), see for instance [107, Page 345].
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where n = n(z) ∈ N− and z = (zij) ∈ Cn(n+1)2 . From this, we define for each subset I = {i1 < · · · <
ik} ⊂ {1, · · · , n + 1}, with 1 ≤ k ≤ n, the following polynomial functions detI : SL(n + 1,C) → C,
such that
detI(g) = det

gi11 gi12 · · · gi1k
gi21 gi22 · · · gi2k
...
...
. . .
...
gik1 gik2 · · · gikk
 ,
for every g ∈ SL(n+ 1,C). Now, we observe that, for every g ∈ SL(n+ 1,C) we have
g(e1 ∧ . . . ∧ el) =
∑
i1<···<il
detI(g)ei1 ∧ . . . ∧ eil ,
notice that the sum above is taken over I = {i1 < · · · < il} ⊂ {1, · · · , n + 1}, with 1 ≤ l ≤ n. By
taking the local section sU : U ⊂ SL(n+ 1,C)/B → SL(n+ 1,C), such that sU(n−(z)x0) = n(z), and
by supposing that
L =
n⊗
k=1
Oαk(−`k),
with `k > 0, for k = 1, . . . , k, it follows from Equation 6.100 that the Ka¨hler potential KH : Tot(L
×)→
R+, defined in coordinates (z, w) ∈ L×|U , is given by
KH
(
z, w
)
=
[
n∏
k=1
( ∑
i1<···<ik
∣∣∣∣detI

1 0 · · · 0
z21 1 · · · 0
...
...
. . .
...
zn+1,1 zn+1,2 · · · 1
∣∣∣∣2
)`k]
ww. (6.105)
Hence, from the Ka¨hler potential above, the Lee form associated to the (Vaisman) l.c.K. structure
(Ω, J, θ) on M provides by Theorem 6.2 is given locally by
θ = −
n∑
k=1
`kd log
( ∑
i1<···<ik
∣∣∣∣detI

1 0 · · · 0
z21 1 · · · 0
...
...
. . .
...
zn+1,1 zn+1,2 · · · 1
∣∣∣∣2
)
− wdw + wdw|w|2 . (6.106)
Moreover, if we consider a compact homogeneous Hermitian-Einstein-Weyl K-manifold of the form
M = Tot(OSU(n+1)/Tn(−1)×)/Z, such that Kss = SU(n+ 1), we have from Theorem 6.5 a Hermitian-
Einstein-Weyl structure (Ω, J, θg) on M completely determined by the Lee form
θg = −
n∑
k=1
d log
( ∑
i1<···<ik
∣∣∣∣detI

1 0 · · · 0
z21 1 · · · 0
...
...
. . .
...
zn+1,1 zn+1,2 · · · 1
∣∣∣∣2
)
− wdw + wdw|w|2 , (6.107)
in the expression above we used that the description given in 6.103, and the characterization
% = ωα1 + · · ·+ ωαn , (6.108)
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see for instance [62, § 13.3].
Let us consider the low-dimensional particular example of the construction above provided by
the the Wallach space [124]
W6 = SU(3)/T
2. (6.109)
Since in this case we have
Pic(W6) = Zc1
(
Oα1(1)
)⊕ Zc1(Oα2(1)),
given a negative line bundle L ∈ Pic(W6), we have a Ka¨hler potential KH : Tot(L×)→ R+ given by
KH
(
z, w
)
=
[(
1 +
3∑
i=2
|zi1|2
)`1(
1 + |z32|2 +
∣∣∣∣ det(z21 1z31 z32
) ∣∣∣∣2)`2
]
ww,
see Equation 6.105. From this, by considering the manifold
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1, we have from Theorem 6.3 a (Vaisman) l.c.K. structure (Ω, J, θ)
on M with associated Lee form (locally) described by
θ = −`1d log
(
1 +
3∑
i=2
|zi1|2
)
− `2d log
(
1 + |z32|2 +
∣∣∣∣ det(z21 1z31 z32
) ∣∣∣∣2)− wdw + wdw|w|2 . (6.110)
Now, if we consider a compact homogeneous Hermitian-Einstein-Weyl K-manifold of the form M =
Tot
(
OSU(3)/T 2(−1)×
)
/Z, such that Kss = SU(3), it follows that
M = X1,1 × S1, (6.111)
such that X1,1 is the Aloff-Wallach space [4] defined by
X1,1 = SU(3)/U(1). (6.112)
Actually, recall that M is a flat principal S1-bundle over the simply connected Sasaki manifold defined
by the sphere bundle of OSU(3)/T 2(−1), which is defined by
S1 ↪→ X1,1 → W6.
Therefore, from Theorem 6.5, we have a Hermitian-Einstein-Weyl structure (Ω, J, θg) on M completely
determined by Lee form
θg = −d log
(
1 +
3∑
i=2
|zi1|2
)
− d log
(
1 + |z32|2 +
∣∣∣∣ det(z21 1z31 z32
) ∣∣∣∣2)− wdw + wdw|w|2 , (6.113)
notice that g = Ω(id⊗ J). Hence, we obtain a concrete description for the homogeneous Hermitian-
Einstein-Weyl metric on M = X1,1 × S1.
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6.2 Kodaira-type embedding via Borel-Weil theorem
In this subsection, we study the following result in the setting of compact homogeneous Vaisman
manifolds:
Theorem 6.6 (cf. [98], [100]). Let M be a compact Vaisman manifold. Then M can be embedded
into a Vaisman-type Hopf manifold H =
(
Cn\{0})/〈O〉 (cf. [66]), where O ∈ End(Cn) is a diagonal
linear operator on Cn with all eigenvalues λ1, . . . , λn, satisfying |λj| < 1, j = 1, . . . , n.
The main purpose is to show that the result aforementioned takes a concrete form in the homoge-
neous context, which is essentially the content of our Theorem 4. This concrete formulation provides
a connection between compact homogeneous Hermitian-Weyl manifolds and a certain class of affine
algebraic varieties (cone of highest vector).
6.2.1 Ka¨hler covering and HV-varieties
In this subsection, and throughout the next subsections, we shall assume the basic background on
semisimple complex algebraic groups. The details about most of the results which we shall use can
be found in [63], [78].
Let GC be a connected, simply connected, simple complex algebraic group, and let V (µ) be an
irreducible representation of GC with highest weight µ and highest weight vector v+µ ∈ V (µ). From
this basic data we can construct a projective algebraic variety by taking
X = GC · [v+µ ] ⊂ P(V (µ)),
i.e. the GC-orbit in the associated projective representation. In this latter setting, a HV-variety Y is
defined by the affine cone of X ⊂ P(V (µ)), so we have15
Y = Affcone(X) = GC · v+µ = GC · v+µ ∪ {0}. (6.114)
The affine algebraic variety underlying Y is characterized by a system of quadrics defined by
CgC
(
v ⊗ v) = κ(2µ+ 2%, 2µ)(v ⊗ v), (6.115)
such that CgC ∈ U(gC) is the Casimir element of gC, where U(gC) denotes the universal enveloping
algebra of gC, and % is the weight defined by the half-sum of the positive roots, see for instance [85].
For more details about HV-varieties from the point of view of algebraic geometry we suggest [122].
It is worth mentioning that the algebraic variety described above is a particular example of Kostant
cone presented in [125, §4.3.3]
It will be suitable for us to consider the underlying analytic spaces associated to HV-varieties as
described above, as well as the complex analytic Lie groups underlying semisimple complex algebraic
groups, so we point out the following facts:
15Here we use the notation “Affcone” to stand for the complex algebraic variety underlying the complex analytic
affine cone over a flag manifold.
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1. Any complex algebraic group is a smooth algebraic variety, so any complex algebraic group is a
complex Lie group. Further, any complex algebraic subgroup of a complex algebraic group is a
complex Lie subgroup (cf. [113, § 15.1]).
2. Any complex semisimple Lie group admits a unique structure of affine algebraic group which is
compatible with its given structure of complex Lie group, e.g. [113, Corollary 15.8.6].
3. Given a complex algebraic variety Y , if we consider its complex analytification Y an, then we
have the following equality of set points
Sing(Y ) = Sing(Y an),
see for instance [113, Proposition 13.3.6].
From the facts above, given a HV-variety Y as in 6.114, we have that Y an = C(X,L), such that
µ = µ(L) for a suitable negative line bundle L ∈ Pic(X) (see 6.14), i.e. the complex analytic variety
underlying Y is the analytic variety presented in Remark 6.1.2 as the analytic affine cone over a
complex flag manifold. It is worth mentioning that, in this latter setting, we have from Borel-Weil
theorem that
Y = Spec
( +∞⊕
k=0
H0(X,−kL)
)
= Spec
( +∞⊕
k=0
V (kµ(L))∗
)
, (6.116)
here we denote −kL = (L−1)⊗k, ∀k ∈ Z≥0.
Remark. For the sake of simplicity, unless otherwise stated, in what follows we shall not distinguish
a complex affine variety from its complex analytification. Also, in the GAGA setting of analogies
[110], [113, Chapter 13], we shall not distinguish a complex projective algebraic variety from its
analytification.
As we have seen in Remark 6.1.2, given a complex flag manifold XP = G
C/P and a negative line
bundle L ∈ Pic(XP ), we have a biholomorphism
R : Tot(L×)→ C(XP , L)reg,
where C(XP , L) is the HV-variety associated to v
+
µ(L) ∈ V (µ(L)). Since C(XP , L)reg = GC · v+µ(L) ⊂
V (µ(L)), one can consider the function
F : C(XP , L)reg → R>0, such that F (v) = ||v||2, ∀v ∈ C(XP .L)reg,
here we have the norm || · || : V (µ(L))→ R≥0 induced from the G-invariant inner product defined in
6.23. In order to understand the function F , let us introduce some basic facts. If we consider the
decomposition
V (µ(L)) = C · v+µ(L) ⊕ V ′, such that V ′ =
⊕
µ′≺µ(L)
V (µ(L))µ′ , (6.117)
we can define l0 ∈ V (µ(L))∗ by setting
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l0(v
+
µ(L)) = 1, and l0(V
′) = {0}.
From this, by denoting f : C(XP , L)reg → C the restriction f = l0|C(XP ,L)reg , we can take the
open (dense) set defined by D(f) = C(XP , L)reg\div(f)16. Considering the natural projection
pi : V (µ(L))\{0} → P(V (λ)), it is straightforward to show that
D(f) = pi−1(U), where U = B− · [v+µ(L)] = Ru(P )− · [v+µ(L)] ⊂ XP (opposite big cell).
In fact, in order to see that, consider the Bruhat decomposition
GC =
⊔
d∈W
N−ndB, (6.118)
where W ∼= NGC(TC)/T is the Weyl group defined by the pair (GC, TC), and nd ∈ NGC(TC) stands
for some fixed representative of d ∈ W . From this, given g ∈ GC, it follows that g = xndb, such that
x ∈ N−, nd ∈ NGC(TC) and b ∈ B. Thus, we have that
f(gv+µ(L)) = χ
(L)(b)f(xvd(µ(L))),
such that χ(L) : B → C× is the extension of the character associated to µ(L) (see 6.16). Since
x · V ′ = V ′, ∀x ∈ N−, see for instance [63, § 27.2], from the latter equation above we obtain
f(gv+µ(L)) 6= 0⇐⇒ d(µ(L)) = µ(L)⇐⇒ [gv+µ(L)] = [xv+µ(L)], (6.119)
which implies that D(f) = pi−1(U). Hence, denoting dimC(XP ) = n, if we consider coordinates
z ∈ Cn 7→ [n(z)vµ(L)] ∈ U ⊂ XP ,
such that n(z) ∈ Ru(P )−, given v ∈ D(f), we have
v = v(z, w) = wn(z)v+µ(L),
for some (z, w) ∈ Cd × C×. Therefore, by taking the restriction F |D(f), we get
F (v(z, w)) =
(∣∣∣∣n(z)v+µ(L)∣∣∣∣2)ww = (∣∣∣∣sU(z)v+µ(L)∣∣∣∣2)ww = KH(z, w), (6.120)
where sU : U ⊂ XP → GC is a local section, such that s(n(z)x0) = n(z), ∀n(z)x0 ∈ U . From this, we
conclude that the Ka¨hler potential presented in Equation 6.20 is obtained by the composition:
KH = F ◦R = R∗(F ). (6.121)
Therefore, the Vaisman structure obtained in Theorem 6.2 can be explicitly described by means of
a pair (Y, || · ||2∣∣
Y
), such that Y = GC · v+µ(L) is a HV-variety and || · || : V (µ(L)) → R≥0 is a norm
induced by some G-invariant inner product on V (µ(L)) cf. Remark 6.1.2.
16Here we consider the divisor div(f) = {v ∈ C(XP , L)reg | f(v) = 0}.
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Example 6.5 (Hopf surface revisited). Let us illustrate the previous ideas by means of the classical ex-
ample provided by the Hopf surface. In order to do so, we consider the same notation and conventions
as in Example 6.3, i.e. GC = SL(2,C) and
XB = SL(2,C)/B = CP1.
As we have seen, we can consider the analytic cellular decomposition
XB = CP1 = N−x0 ∪ pi
((
0 1
−1 0
))
,
such that x0 = eB, and
N− =
{(
1 0
z 1
) ∣∣∣∣∣ z ∈ C
}
,
notice that the opposite big cell is given by U = N−x0 ⊂ XB. Now, since Pic(XB) = Zc1(Oα(1)), if
we consider the very ample line bundle Oα(1)→ XB, it follows from Borel-Weil theorem that
H0(CP1,Oα(1))∗ = V (ωα),
observe that V (ωα) = C2 and v+ωα = e1 (see Equation 6.88). From this, when one considers the
projective embedding XB ↪→ P(V (ωα)), it turns out that
Y = C(XB,Oα(−1)) = SL(2,C) · v+ωα = C2,
so it follows that C(XB,Oα(−1))reg = C2\{0}, notice that the projective embedding in this par-
ticular case is in fact a bihomomorphism, i.e. XB ∼= P(C2). From the last biholomorphism, it is
straightforward to see that the opposite big cell is defined by
U =
{
[1 : z] ∈ P(C2)
∣∣∣ z ∈ C}.
Thus, if one considers the natural projection map pi : C2\{0} → P(C2), it follows that
pi−1(U) =
{
w(1, z) ∈ C2\{0}
∣∣∣ w ∈ C×, z ∈ C} ⊂ C(XB,Oα(−1))reg.
Now, by taking the norm || · || in C2 induced from the canonical inner product, we can consider
F : C(XB,Oα(−1))reg → R>0, such that F (z1, z2) = |z1|2 + |z2|2. Then, the restriction F |pi−1(U) is
given by
F (w,wz) = (1 + |z|2)ww,
see Equation 6.90. The function F : C(XB,Oα(−1))reg → R>0 defines a globally conformal Ka¨hler
structure on C(XB,Oα(−1))reg = C2\{0}, for which the associated Hermitian metric is defined by
g0 =
dz1  dz1 + dz2  dz2
|z1|2 + |z2|2 , (6.122)
see for instance [46]. Notice that in this case the Lee form is given by θ0 = −d logF (z1, z2), so we
obtain
θ0|pi−1(U) = −zdz + zdz
1 + |z|2 −
wdw + wdw
|w|2 , (6.123)
see Equation 6.91. Hence, the standard approach to describe the canonical l.c.K. structure on S3×S1,
via globally conformal Ka¨hler metric g0 on C2\{0}, can be naturally recovered by using elements of
representation theory of SL(2,C). It is worth mentioning that the ideas above can be naturally
generalized to S2n+1 × S1.
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6.2.2 Kodaira-type embedding for compact homogeneous l.c.K. manifolds
From the description of the previous subsection for Ka¨hler covering of Vaisman manifolds defined by
negative line bundles L ∈ Pic(XP ), i.e. manifolds given by
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z}, (6.124)
for some λ ∈ C×, such that |λ| < 1, we can provide a concrete realization (in terms of Lie theory)
for the immersion of such manifolds into certain Hopf manifolds (cf. [66]). In order to do so, let us
collect some basic facts.
As we have seen, by considering the manifold 6.124, we have an associated HV-variety Y =
GC · v+µ(L). From this, we can describe the map R : Tot(L×)→ Yreg explicitly by17
R : [g, z] 7→ zgv+µ(L), (6.125)
here we used the characterization of L as GC × C/ ∼, such that [g, z] is defined by
(g, z) ∼ (h,w)⇐⇒ ∃p ∈ P such that h = gp and w = p−1z = χ(L)(p)z,
see Equation 6.3.
Remark. We observe that the explicit description given in 6.125 is obtained by the following procedure.
At first, from the representation theory of semisimple complex algebraic groups, it follows that
H0(XP , L
−1) =
{
f ∈ O(GC)
∣∣∣ f(gp) = χ(L)(p)f(g),∀g ∈ GC,∀p ∈ P}, (6.126)
where O(GC) is the coordinate ring of GC, see for instance [79, Page 26]. From the characterization
above, if we fix a basis v0 = v
+
µ(L), v1, . . . , vN for V (µ(L)), here we suppose dimC(V (µ(L))) = N + 1,
and consider its dual basis l0, . . . , lN for V (µ(L))
∗ = H0(XP , L−1), it follows that
gv+µ(L) = l0
(
gv+µ(L)
)
v0 + · · ·+ lN
(
gv+µ(L)
)
vN . (6.127)
Therefore, we obtain a set of regular functions R0,R1, . . . ,RN ∈ H0(XP , L−1), such that
Rj : G
C → C, Rj(g) = lj
(
gv+µ(L)
)
,∀g ∈ GC, ∀j = 0, . . . , N. (6.128)
Now, also from the theory of complex semisimple algebraic groups, we have that there exists a
homomorphism ζ(L) : C× → TC ⊂ GC (1-parameter subgroup, see [78]), such that
χ(L)
(
ζ(L)(w)
)
= w, ∀w ∈ C×. (6.129)
From the data obtained above, we can take R : Tot(L×)→ V (µ(L)), such that
R
(
[g, w]
)
=
N∑
j=0
Rj
(
gζ(L)(w)
)
vj, (6.130)
∀[g, w] ∈ Tot(L×). Therefore, we obtain
17Notice that the Cartan-Remmert reduction R : Tot(L) → Y , in this particular case, is defined by R([g, z]) =
zgv+µ(L), ∀[g, z] ∈ Tot(L). Also, if we consider the zero section σ0 : XP → L, such that σ0(gP ) = [g, 0], ∀gP ∈ XP , it
follows that R(σ0(XP )) = {0} ⊂ Y .
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R
(
[g, w]
)
=
N∑
j=0
Rj
(
gζ(L)(w)
)
vj = χ
(L)
(
ζ(L)(w)
)( N∑
j=0
Rj
(
g
)
vj
)
= wgv+µ(L),
notice that the last equation on the right side above shows that the characterization 6.130 does not
depend on the choice of the basis for V (µ(L)).
It is worth pointing out that, under the hypotheses above, the Kodaira embedding of XP relative
to the positive line bundle L−1 ∈ Pic(XP ) also can be explicitly described by
gP ∈ XP 7→
[
R0(g) : . . . : RN(g)
] ∈ CPN ∼= P(V (µ(L))). (6.131)
If we identify XP with its image under the projective embedding
ι : XP ↪→ P(V (µ(L))) = Proj
(
H0(XP , L
−1)∗
)
,
we have a principal C×-bundle C× ↪→ Yreg → XP . The associated action of C× is naturally defined
by
Yreg × C× → Yreg, such that (gv+µ(L), w) 7→ wgv+µ(L), (6.132)
it is straightforward to see that the the associated (left) action of GC on Yreg commutes with the
action above. Moreover, by considering Tot(L×) and Yreg as C×-spaces, it follows that the map 6.125
is equivariant, i.e. R(u · w) = R(u) · w, ∀u ∈ Tot(L×), and ∀w ∈ C×.
We also observe that Γ ⊂ C× (6.124) can be represented as a subgroup of diagonal matrices of
GL(V (µ(L))), i.e. we have the identification
Γ ∼=
{
λn · IdV (µ(L)) ∈ GL(V (µ(L)))
∣∣∣∣∣ n ∈ Z
}
. (6.133)
Notice that, from the characterization above, the action of Γ on Yreg coincides with the action of Γ
as subgroup of C× via 6.132, so we shall not distinguish these two actions. The key point of the
characterization 6.133 is that it allows to define an action of Γ on the whole vector space V (µ(L)).
Definition. Let O ∈ GL(n,C) be a linear operator acting on Cn with all eigenvalues satisfying
|λi| < 1. Denote by 〈O〉 the cyclic group generated by O. The quotient(
Cn\{0}
)
/〈O〉, (6.134)
is called linear Hopf manifold. If O is diagonalizable, then (Cn\{0})/〈O〉 is called a diagonal Hopf
manifold.
From the definition above we can define by means of the linear realization 6.133 of Γ the diagonal
Hopf manifold
HΓ =
(
V (µ(L))\{0}
)
/Γ. (6.135)
Now we can prove the following result.
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Lemma 6.1. Let L ∈ Pic(XP ) be a negative line bundle and M = Tot(L×)/Γ, defined as in 6.124.
Then, we have an injective holomorphic immersion
R(Γ) : M → HΓ =
(
V (µ(L))\{0}
)
/Γ, (6.136)
such that R(Γ)(M) = Yreg/Γ, where Yreg = GC · v+µ(L).
Proof. Consider the biholomorphic map R : Tot(L×)→ Yreg, defined in 6.125. Since
R(u · w) = R(u) · w, ∀u ∈ Tot(L×), and ∀w ∈ C×,
we have that R induces a map R(Γ) : M → Yreg/Γ ⊂ HΓ. Now, consider the diagram
Tot(L×) Yreg
M Yreg/Γ
R
℘1 ℘2
R(Γ)
It is straightforward to see that R(Γ) ◦ ℘1 = ℘2 ◦R, since R is a biholomorphism and ℘2 is a local
biholomorphism (covering map), we have that R(Γ) is a holomorphic immersion. Also, we have that
R(Γ)(M) = Yreg/Γ from the fact that R is bijective and ℘2 is surjective (onto). In order to see that
R(Γ) is injective, observe that
R(Γ)(℘1(u1)) = R(Γ)(℘1(u2))⇐⇒ ℘2(R(u1)) = ℘2(R(u2)).
The equality on the right side above is equivalent to R(u1) = R(u2) · w, for some w ∈ Γ. Thus, we
obtain from the equivariance of R that
R(u1) = R(u2) · w = R(u2 · w)⇐⇒ u1 = u2 · w ⇐⇒ ℘1(u1) = ℘1(u2),
so we have the desired result.
Now, from the previous ideas we have the following theorem.
Theorem 6.7. Let (M, g, J) be a compact l.c.K. manifold that admits an effective and transitive
smooth (left) action of a compact connected Lie group K, which preserves the metric g and the complex
structure J . Suppose also that Kss is simply connected and has a unique simple component. Then,
there exists a character χ ∈ Hom(TC,C×), for some maximal torus TC ⊂ KCss, and a holomorphic
embedding
R(Γ) : M ↪→ HΓ =
(
V (χ)\{0}
)
/Γ, (6.137)
such that V (χ) is an irreducible kCss-module with highest weight vector v
+
χ ∈ V (χ), and Γ ⊂ GL(V (χ))
is an infinite cyclic subgroup generated by λ · IdV (χ), where λ ∈ C×, with |λ| < 1. Moreover, we have
that
R(Γ)(M) = Yreg/Γ, (6.138)
such that Yreg = K
C
ss · v+χ , where
Y = Spec
( +∞⊕
`=0
V (χ`)∗
)
. (6.139)
Therefore, every compact homogeneous l.c.K. manifold is biholomorphic to some quotient space of the
regular locus of the complex analytification of some HV-variety by a discrete group.
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Proof. The proof follows from the following facts:
1. From Theorem 6.3 it follows that there exists a parabolic Lie subgroup P ⊂ KCss, TC ⊂ P , and
a negative line bundle L ∈ Pic(KCss/P ) such that
M = Tot(L×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1. Moreover, L → KCss/P is determined by χ(L) ∈
Hom(TC,C×), such that (dχ(L))e = µ(L) is a weight of kCss.
2. By taking χ = χ(L), and denoting V (χ) = V (µ(L)), from Lemma 6.1 we have a holomorphic
injective immersion
R(Γ) : M ↪→ HΓ =
(
V (χ)\{0}
)
/Γ, such that R(Γ)(M) = Yreg/Γ.
Since M is compact and HΓ is Hausdorff, it follows that R(Γ) is proper, so it defines a holomorphic
embedding. Notice that the algebraic description 6.139 follows from the fact that (dχ(L))e = µ(L), see
Equation 6.116. For the last statement of theorem, i.e. whenKss has more than one simple component,
the result follows from the items (1)-(2) above and the comments at the end of Subsection 5.1.
Remark. Notice that, under the hypotheses of Theorem 6.7, if we suppose dimC(V (χ)) = N + 1, by
fixing a Kss-invariant inner product 〈·, ·〉 on V (χ), and taking an orthonormal basis v0 = v+χ , v1, . . . , vN
for V (χ), from Remark 6.125 we have R : Tot(L×)→ V (χ), such that
R([g, w]) =
(
R0
(
gζ(L)(w)
)
, . . . ,RN
(
gζ(L)(w)
)) ∈ CN+1 ∼= V (χ)
for every [g, w] ∈ Tot(L×). From this, if we denote by [v]Γ ∈ HΓ, the class of v ∈ V (χ) in the quotient
space HΓ =
(
V (χ)\{0})/Γ, we obtain an explicit description for the embedding R(Γ) : M ↪→ HΓ given
by
R(Γ)
(
℘1([g, w])
)
=
[
R0
(
gζ(L)(w)
)
, . . . ,RN
(
gζ(L)(w)
)]
Γ
∈
(
CN+1\{0}
)
/Γ
for every [g, w] ∈ Tot(L×), here we consider the projection ℘1 : Tot(L×) → M . Therefore, once we
know concretely the component functions
R0,R1, . . . ,RN : KCss → C,
we can describe explicitly the embedding provided by Theorem 6.7.
6.3 Examples of embedding
This subsection is devoted to describe in details some interesting examples which illustrate the result
provided in Theorem 6.7, as well as discuss its relation with other interesting topics (e.g. ALE
spaces, exotic spheres, conifold deformation, etc.). As we have seen, likewise complex flag manifolds
can be embedded into a projective space by using elements of representation theory, we also have a
Kodaira-type embedding for compact homogeneous l.c.K. manifolds which incorporates elements of
representation theory. Therefore, the purpose of the examples in the next subsections is to investigate
how some aspects of algebraic geometry which arise from the study of flag varieties can be used to
understand homogeneous l.c.K. geometry.
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6.3.1 Plu¨cker relations and HV-varieties
As in Example 6.2, consider GC = SL(n+ 1,C), and fix the Cartan subalgebra h ⊂ sl(n+ 1,C) given
by diagonal matrices whose the trace is equal to zero. Associated to the pair (sl(n+ 1,C), h) we have
a simple root system Σ ⊂ h defined by
Σ =
{
αl = l − l+1
∣∣∣ l = 1, . . . , n},
here we consider the linear functionals l : diag{a1, . . . , an+1} 7→ al, ∀l = 1, . . . , n + 1. If we take
Θ = Σ\{αk} and P = Pωαk , we obtain the complex Grassmannian manifold
Gr(k,Cn+1) = SL(n+ 1,C)/Pωαk .
Since in this case we have
Pic(Gr(k,Cn+1)) = Zc1(Oαk(1)),
when one considers the projective embedding induced from the very ample line bundle Oαk(1) →
Gr(k,Cn+1), we have
Gr(k,Cn+1) ↪→ P(∧k(Cn+1)),
it is worth recalling that
H0
(
Gr(k,Cn+1),Oαk(1)
)∗
=
∧k(Cn+1), and v+ωαk = e1 ∧ . . . ∧ ek.
Therefore, if we fix in
∧k(Cn+1) the canonical basis
ej1 ∧ . . . ∧ ejk , 1 ≤ j1 < j2 < · · · < jk ≤ n+ 1, (6.140)
and consider the inner product on
∧k(Cn+1) defined by
〈u1 ∧ . . . ∧ uk, v1 ∧ . . . ∧ vk〉 = det
〈u1, v1〉 · · · 〈u1, vk〉... . . . ...
〈uk, v1〉 · · · 〈u1, v1〉
 ,
such that 〈·, ·〉 is the canonical inner product on Cn+1, we obtain a (dual) basis for (∧k(Cn+1))∗
defined by
lj1···jk : u1 ∧ . . . ∧ uk 7→ 〈u1 ∧ . . . ∧ uk, ej1 ∧ . . . ∧ ejk〉, 1 ≤ j1 < j2 < · · · < jk ≤ n+ 1.
From this, by proceeding as in Remark 6.2.2, we obtain polynomial functions Rj1···jk : SL(n+ 1,C)→
C, 1 ≤ j1 < j2 < · · · < jk ≤ n+ 1, such that
Rj1···jk(g) = lj1···jk(gv
+
ωαk
) = det
gj11 · · · gjk1... . . . ...
gj1k · · · gjkk
 , ∀g = (gij) ∈ SL(n+ 1,C). (6.141)
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For the sake of simplicity, let us denote J = {j1 < j2 < · · · < jk} and RJ ∈ C[SL(n+ 1,C)]. Also, we
denote J0 = {1 < 2 < · · · < k} and consider the partial order
J ′ ≥ J ⇐⇒ j′s ≥ js, ∀s = 1, . . . , k, (6.142)
such that J = {j1 < · · · < jk} and J ′ = {j′1 < · · · < j′k}, notice that J ≥ J0, ∀J = {j1 < · · · < jk}.
Further, let us denote
N := #
{
J
∣∣∣ J = {j1 < · · · < jk}, 1 ≤ j1 < · · · < jk ≤ n+ 1} = (n+ 1
k
)
, (6.143)
notice that dimC(V (ωαk)) = dimC(
∧k(Cn+1)) = N .
From the data above, we can describe explicitly the holomorphic map R : Tot(Oαk(−1)×) →∧k(Cn+1) (see Remark 6.2.2) by
R
(
[g, w]
)
=
∑
J
RJ(gζ
ωαk (w))ej1 ∧ . . . ∧ ejk = w
(∑
J
det
gj11 · · · gjk1... . . . ...
gj1k · · · gjkk
 ej1 ∧ . . . ∧ ejk
)
(6.144)
for every [g, w] ∈ Tot(Oαk(−1)×), where ζωαk : C× → TC ⊂ SL(n+ 1,C) satisfies χωαk (ζωαk (w)) = w,
∀w ∈ C×. Also, as we have seen, the image of the map above is the regular locus of the HV-veriety
Y = SL(n+ 1,C) · v+ωαk ⊂
∧k(Cn+1),
i.e. Yreg = SL(n + 1,C) · v+ωαk . Moreover, since we have Y as the affine cone over the image of
Gr(k,Cn+1) under the projective embedding defined by Oαk(1), the affine variety Y is given by the
zero locus of the same set of polynomials which defines Gr(k,Cn+1) inside of P(
∧k(Cn+1)). Actually,
the projective embedding of Gr(k,Cn+1) can be explicitly described by
gPωαk ∈ Gr(k,Cn+1) 7→
[
RJ0(g) : . . . : RJN−1(g)
] ∈ CPN−1 ∼= P(∧k(Cn+1)), (6.145)
here we consider J0 ≤ J1 ≤ · · · ≤ JN .
Remark. It is worth pointing out that, under the hypotheses above, we can consider coordinates
Zj1,··· ,jk , 1 ≤ j1 < · · · < jk ≤ n + 1, in V (ωαk) =
∧k(Cn+1). Moreover, for an arbitrary subset of
distinct indexes {j1, . . . , jk} ⊂ {1, . . . , n+ 1}, we set
Zj1,··· ,jk = (−1)|σ|Zjσ(1),··· ,jσ(k) , with σ ∈ Sk, such that jσ(1) < · · · < jσ(k),
and for an arbitrary subset {j1, . . . , jk} ⊂ {1, . . . , n + 1}, we set Zj1,··· ,jk = 0, if j1, . . . , jk are not
distinct.
Under the previous hypotheses and considering the remark above, we have the following well-
known result, see for instance [79].
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Theorem 6.8 (Plu¨cker embedding). The image of the complex Garssmannian Gr(k,Cn+1) under
the projective embedding Gr(k,Cn+1) ↪→ CPN−1 defined in 6.145 consists the zeros in CPN−1 of the
following quadratic polynomials
Pa1,··· ,ak−1;b1,··· ,bk+1 =
k+1∑
`=1
(−1)`Za1,...,ak−1,a`Zb1,...,b`,...,bk+1 , (6.146)
such that 1 ≤ a1 < · · · < ak−1 ≤ n+ 1, 1 ≤ b1 < · · · < bk+1 ≤ n+ 1.
Remark. In the setting of Theorem 6.8 the relation obtained by the equation Pa1,··· ,ak−1;b1,··· ,bk+1 = 0,
for some 1 ≤ a1 < · · · < ak−1 ≤ n + 1, 1 ≤ b1 < · · · < bk+1 ≤ n + 1, is usually called a Plu¨cker
relation.
From Theorem 6.8, if we consider the subset T ⊂ C[ZJ0 , . . . , ZJN−1 ], such that
T =
{
Pa1,··· ,ak−1;b1,··· ,bk+1
∣∣∣ 1 ≤ a1 < · · · < ak−1 ≤ n+ 1, 1 ≤ b1 < · · · < bk+1 ≤ n+ 1 }, (6.147)
so we have
Y = SL(n+ 1,C) · v+ωαk = Z(T ) ⊂
∧k(Cn+1). (6.148)
Therefore, if one considers the manifold
M = Tot(Oαk(−1)×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1, from Lemma 6.1 have a holomorphic immersion
R(Γ) : M → HΓ =
(∧k(Cn+1)\{0})/Γ,
such that R(Γ)(M) = Z(T )reg/Γ. Moreover, from the description 6.144, it follows that
R(Γ)
(
℘1([g, w])
)
=
[
RJ0
(
gζωαk (w)
)
, . . . ,RJN−1
(
gζωαk (w)
)]
Γ
, (6.149)
∀[g, w] ∈ Tot(Oαk(−1)×), here we consider the projection ℘1 : Tot(Oαk(−1)×)→ Tot(Oαk(−1)×)/Γ.
In order to make more clear the ideas above, let us provide some concrete computations on the
classical low dimensional example provided by the Klein quadric Gr(2,C4) = SL(4,C)/Pωα2 . In this
particular case, from the very ample line bundle Oα2(1)→ Gr(2,C4), we have the Plu¨cker embedding
given by
Gr(2,C4) ↪→ P(∧2(C4)) ∼= CP5.
From the previous ideas, we have the holomorphic map R : Tot(Oα2(−1)×) →
∧2(C4) explicitly
described by
R(
[
g, w
]
) = w
( ∑
1≤i1<i2≤4
det
(
gi11 gi12
gi21 gi22
)
ei1 ∧ ei2
)
. (6.150)
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From this, by fixing coordinates Zi1i2 , 1 ≤ i1 < i2 ≤ 4, on
∧2(C4) ∼= C6, the closure of the image of
the map R : Tot(Oα2(−1)×)→
∧2(C4) is the HV-variety Y ⊂ ∧2(C4) defined by
Y = SL(4,C) · v+ωα2 =
{
Z12Z34 − Z13Z24 + Z14Z23 = 0
}
. (6.151)
Hence, since Tot(Oα2(−1)×) ∼= V2(R6) × R, we obtain from Theorem 6.7 a Kodaira-type embedding
for the Hermitian-Einstein-Weyl manifold M = V2(R6) × S1 ↪→ HΓ =
(∧2(C4)\{0})/Z explicitly
described by
R(Γ)
(
℘1([g, w])
)
=
[
det
(
g11 g12
g21 g22
)
w, . . . , det
(
g31 g32
g41 g42
)
w,
]
Z
, (6.152)
∀[g, w] ∈ Tot(Oα2(−1)×). Moreover, the image of the holomorphic map above is given by
R(Γ)(V2(R6)× S1) = Z(P )reg/Z, (6.153)
where Z(P ) = {P = 0} ⊂ C6, such that P = Z12Z34 − Z13Z24 + Z14Z23 ∈ C[C6]. Thus, we
obtain a concrete description for the embedding of V2(R6) × S1 into the linear Hopf manifold HΓ =(∧2(C4)\{0})/Z.
6.3.2 Cones over projective complex hyperquadrics
Let V = KN be a K-vector space (K = R or C). By fixing the canonical symmetric bilinear form q
on V , such that q(x, y) =
∑N
k=1 xkyk, ∀x, y ∈ V , we have the associated Clifford algebra18
Cl(V, q) = T (V )/Iq(V ), (6.154)
where T (V ) denotes the tensor algebra of V and Iq(V ) ⊂ T(V ) is the two-sided ideal generated by
elements of the form
u⊗ v + v ⊗ u+ 2q(u, v) · 1, ∀u, v ∈ V. (6.155)
The unital associative algebra Cl(V, q) admits a Z2-grading induced by the the extension (via universal
property) of the morphism19 of quadratic vector spaces Ξ: (V, q)→ (V, q), Ξ(v) = −v, ∀v ∈ V , such
that
Cl(V, q) = Cl0(V, q)⊕ Cl1(V, q),
where Cl0(V, q) = {x ∈ Cl(V, q) | Ξ(x) = x} and Cl1(V, q) = {x ∈ Cl(V, q) | Ξ(x) = −x}. Now, we
consider the Clifford group Γ(V ), which is a subgroup of the group of invertible elements Cl(V, q)×
given by
Γ(V ) =
{
x ∈ Cl(V, q)×
∣∣∣ Ξ(x)vx−1 ∈ V, ∀v ∈ V }. (6.156)
18For more details on this subject we suggest [89], [81] and [97].
19A morphism between two quadratic vector spaces (V1, q1) and (V2, q2) is a linear map f : V1 → V2, which satisfies
q2(f(u), f(v)) = q1(u, v), ∀u, v ∈ V1. Given a morphism of quadratic vector spaces f : (V1, q1) → (V2, q2), there is a
unique morphism Cl(f) : Cl(V1, q1)→ Cl(V2, q2), which extends f , see for instance [89], [81].
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The group above defines a representation A: Γ(V )→ GL(V ), such that Ax(v) = Ξ(x)vx−1, ∀(x, v) ∈
Γ(V )× V . Let us consider the canonical basis e1, . . . , eN for V to identify GL(V ) ∼= GL(N,K).
It is straightforward to see that ker(A) = C× and
q
(
Ax(u),Ax(v)
)
= q
(
u, v
)
,
so we obtain the exact sequence
1 K× Γ(V ) O(N,K) 1.
Also, for every x ∈ V , such that q(x, x) 6= 0 (non-isotropic), we have
Ax(v) = v − q(x, v)
q(x, x)
x = Rx(v), (6.157)
i.e. Ax ∈ O(N,K) is the reflection Rx : V → V induced by x ∈ V . Therefore, from Cartan-Dieudonne´
theorem [89], it follows that every x ∈ Γ(V ) can be written as product of non-isotropic elements of
V , i.e.
x = x1 · · ·xk,
with x1, . . . , xk ∈ V satisfying q(xj, xj) 6= 0, ∀j = 1, . . . , k, such that k ≤ dimK(V ). From this, we can
define a norm homomorphism N : Γ(V ) → K×, by setting N (v) = q(v, v), for every non-isotropic
v ∈ V . By considering the special Clifford group
SΓ(V ) = Γ(V ) ∩ Cl0(V, q), (6.158)
we obtain the spin group as being
Spin(V ) := SΓ(V ) ∩ ker(N ). (6.159)
Observe that, since the normalization N (x) = 1 specifies x ∈ Γ(V ) up to sign, one can write the
exact sequence
1 Z2 Spin(V ) SO(N,K) 1,
which gives Spin(V ) as a two-sheeted covering of SO(N,K). The restriction map A: Spin(V ) →
SO(N,K) allows to define an isomorphism
A∗ : spin(V )→
∧2(V ) ∼= so(N,K),
notice that the isomorphism on the right side above is obtained by considering
(x ∧ y) : v 7→ q(x, v)y − q(y, v)x,
∀x, y, v ∈ V , for the inverse map see [89]. Further, notice that, in terms of basis, we have
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A∗ : ei · ej 7→ 2(ei ∧ ej),
∀1 ≤ i < j ≤ n. For the details omitted in the brief exposition provided above, see [89], [81] and [97].
The ideas above show that, for the particular case K = C, we have Spin(CN) = SpinN(C), so we
can consider the elements of Lie theory associated to the classical (matrix) Lie algebra
so(N,C) =
{
X ∈ sl(N,C)
∣∣∣ X +XT = 0}, (6.160)
to describe the embedding of flag manifolds associated to the simple Lie group SpinN(C) via repre-
sentation theory. Hence, let us introduce some basic Lie theoretical data associated to so(N,C).
At first, we observe that we have to consider two cases, i.e. we have the following description, see
for instance [23], [109]:
1. For N = 2n, such that n > 1, we consider the Cartan subalgebra h2n ⊂ so(2n,C) defined by
h2n =
{
diag
((
0 z1
−z1 0
)
, . . . ,
(
0 zn
−zn 0
)) ∣∣∣∣∣ zi ∈ C
}
;
2. For N = 2n + 1, such that n > 1, we consider the Cartan subalgebra h2n+1 ⊂ so(2n + 1,C)
defined by
h2n+1 =
{
diag
((
0 z1
−z1 0
)
, . . . ,
(
0 zn
−zn 0
)
, 0
) ∣∣∣∣∣ zi ∈ C
}
.
In the first case, by considering the linear functionals
l : diag
((
0 z1
−z1 0
)
, . . . ,
(
0 zn
−zn 0
))
7→ −√−1zl, ∀l = 1, . . . , n,
we can describe the associated set of simple roots Σ2n ⊂ h∗2n by
Σ2n =
{
α1 = 1 − 2, . . . , αn−1 = n−1 − n, αn = n−1 + n
}
.
Similarly, in the second case we can consider linear functionals
l : diag
((
0 z1
−z1 0
)
, . . . ,
(
0 zn
−zn 0
)
, 0
)
7→ −√−1zl, ∀l = 1, . . . , n,
so we can describe the associated set of simple roots Σ2n+1 ⊂ h∗2n+1 by
Σ2n+1 =
{
α1 = 1 − 2, . . . , αn−1 = n−1 − n, αn = n
}
.
Remark. It is worth mentioning that, for N = 4, we have that Spin4(C) ∼= SL(2,C) × SL(2,C). In
fact, in this particular case we have
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Σ4 =
{
α1 = 1 − 2, α2 = 1 + 2
}
,
and the isomorphism spin4(C) ∼= sl(2,C)× sl(2,C) is obtained from
xαi ←→
(
0 1
0 0
)
, h∨αi =
2
κ(hαi , hαi)
hαi ←→
(
1 0
0 −1
)
, yαi ←→
(
0 0
1 0
)
, (6.161)
such that i = 1, 2. From this, in what follows we shall consider N = 2n, such that n > 2, and the
case N = 4 will be considered separately.
Another low dimensional example which is worth observing is the case N = 3, i.e., the case
Spin3(C). Actually, in this case we have
Σ3 =
{
α1 = 1 − 2
}
,
and by considering a correspondence similar to 6.161, we obtain spin3(C) ∼= sl(2,C), which implies
that Spin3(C) ∼= SL(2,C). Also, by looking at the Dynkin diagram of spin3(C), it is straightforward
to see that Spin6(C) ∼= SL(4,C).
From the comments and the basic data above, if we take Θ = ΣN\{α1}, we obtain a maximal Lie
parabolic subgroup Pωα1 ⊂ SpinN(C), which defined the complex flag manifold
XPωα1 = SpinN(C)/Pωα1 = Spin(N)/Spin(2)× Spin(N − 2), (6.162)
such that Spin(N) ⊂ SpinN(C) is a maximal compact subgroup (compact real form) associated to
the exact sequence
1 Z2 Spin(N) SO(N,R) 1,
i.e. Spin(N) is a two-sheeted covering of SO(N,R). Hence, since Z2 = {±1} ⊂ Spin(2)×Spin(N −2)
is normal in Spin(N), we also have the characterization
XPωα1 = SO(N,R)/SO(2,R)× SO(N − 2,R).
Figure 3: Diagrams which represent the choice of roots to define the flag manifold XPωα1 .
Remark. Notice that for the particular case Spin6(C) ∼= SL(4,C) the construction above provides
XPωα1 = Spin(6)/Spin(2)× Spin(4) = SU(4)/U(1)× SU(2)× SU(2),
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see Remark 6.3.2, so we have that XPωα1 = Gr(2,C
4) (Klein quadric). Hence, since this example is
covered by the content on Plu¨cker embedding developed in the previous subsection, unless otherwise
stated, in what follows for N = 2n we shall suppose n 6= 3.
Remark. It is worth pointing out that the compact simply connected Lie group Spin(N) = Spin(RN)
can be described by
Spin(N) =
{
x1 · · ·xk ∈ SΓ(RN)
∣∣∣ x1, . . . , xk ∈ SN−1, 1 ≤ k ≤ N},
it follows from the fact that, for the particular case of K = R in the previous construction, the bilinear
form q coincides with the canonical inner product in RN .
As we have seen in the previous sections, the isomorphism classes of holomorphic line bundles
over XPωα1 are described by
Pic(XPωα1 ) = Zc1
(
Oα1(1)
)
, (6.163)
and relative to the positive line bundle Oα1(1)→ XPωα1 , we have a projective embedding
ι : XPωα1 ↪→ P(V (ωα1)) = Proj
(
H0(XPωα1 ,Oα1(1))
∗).
From the representation theory of classical Lie algebras, we have that V (ωα1) = CN , with highest
weight vector v+ωα1 = e1−
√−1e2, e.g. [23]. Thus, the image of XPωα1 under the projective embedding
above is the complex Quadric
QN−1 =
{
[z1 : . . . : zN ] ∈ CPN−1
∣∣∣ z21 + · · ·+ z2N = 0}. (6.164)
In fact, given [z] ∈ SpinN(C) · [v+ωα1 ] ⊂ CPN−1, it follows that z = Ax(v+ωα1 ), for some x ∈ SpinN(C),
so we obtain
q
(
z, z
)
= q
(
Ax(v
+
ωα1
),Ax(v
+
ωα1
)
)
= q
(
v+ωα1 , v
+
ωα1
)
= 0,
which implies that SpinN(C) · [v+ωα1 ] ⊂ QN−1. On the other hand, if we denote z ∈ CN\{0} by
z = u+
√−1v, such that u, v ∈ RN , it is straightforward to see that
[z] = [u+
√−1v] ∈ QN−1 ⇐⇒ |u| = |v| and 〈u, v〉 = 0, (6.165)
here we consider the canonical inner product 〈·, ·〉 on RN and its induced norm | · |. Thus, given
[z] = [u+
√−1v] ∈ QN−1, we can suppose that u, v ∈ SN−1 and obtain (by completion) an orthonormal
basis f1 = u, f2 = −v, f3, . . . fN for RN , so we get A ∈ SO(N,R) with these columns vectors, i.e.
A(ej) = fj, for every j = 1, . . . , N . Therefore, since A = Ax, for some x ∈ Spin(N) ⊂ SpinN(C), by
considering the extension A : CN → CN , we have that
A(v+ωα1 ) = A(e1)−
√−1A(e2) = f1 −
√−1f2 = u+
√−1v,
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and we obtain [z] = [u+
√−1v] = [Ax(v+ωα1 )] ∈ SpinN(C) · [v+ωα1 ] =⇒ QN−1 = SpinN(C) · [v+ωα1 ].
Now, consider the real Stiefel manifold [57]
V2(RN) =
{
(u, v) ∈ RN × RN
∣∣∣ u, v ∈ RNare orthonormal} ∼= SO(N,R)/SO(N − 2,R), (6.166)
notice that V2(RN) ⊂ SN−1×SN−1. As we can see, the manifold V2(RN) defines a principal S1-bundle
S1 ↪→ V2(RN)→ QN whose the projection map can be described by
(u, v) ∈ V2(RN) 7→ [u+
√−1v] ∈ QN−1. (6.167)
On the other hand, we have the affine cone over QN−1 ⊂ CPN−1 given by
KQN−1 =
{
(z1, . . . , zN) ∈ CN
∣∣∣ z21 + · · ·+ z2N = 0}. (6.168)
Notice that, from 6.125, we obtain a description of Tot(Oα1(−1)×) as the regular locus of the ana-
lytification of the affine algebraic variety defined by KQN−1 ⊂ CN , i.e. we have a biholomorphism
induced by the Cartan-Remmert reduction, namely,
R : Tot(Oα1(−1)×)→ (KQN−1)reg.
Thus, if we take the homogeneous quadratic polynomial P : CN → C, such that
P (z1, . . . , zN) = z
2
1 + · · ·+ z2N ,
it follows that KQN−1 = Z(P ) = {P = 0}, so we have
V2(RN) ∼= Z(P ) ∩ S2N−1, (6.169)
which means that V2(RN) can be identified with the link associate do the hypersurface Z(P ) ⊂ CN
(e.g. [108]).
Figure 4: Stiefel manifold realized as a link of isolated singularity.
From the above description, if one considers the manifold
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M = Tot(Oα1(−1)×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1, since V2(RN) is (N − 3)-connected [57], it follows that
M = Tot(Oα1(−1)×)/Γ ∼= V2(RN)× S1
for every N > 3. Applying Theorem 6.7 one obtains an embedding
R(Γ) : V2(RN)× S1 ↪→ HΓ =
(
CN\{0}
)
/Γ, (6.170)
such that R(Γ)(V2(RN)×S1) = Z(P )reg/Γ. It shows that the Ka¨hler covering of the compact Vaisman
manifold V2(RN)×S1 is determined by the regular locus of the Stein variety Z(P ) = {P = 0} ⊂ CN .
For N = 3, we have Spin3(C) ∼= SL(2,C), so the affine cone
KQ2 =
{
(z1, z2, z3) ∈ C3
∣∣∣ z21 + z22 + z23 = 0},
can be seen as a cone associated to some suitable embedding CP1 ↪→ CP2. Being more precise, if one
considers the linear complex change of variables
X = z1 +
√−1z2, Y = z1 −
√−1z2, Z = z3,
it follows that KQ2 = Z(Z2 +XY ). Then, by considering the isomorphism C3 ∼= sl(2,C) defined by(
X, Y, Z
)←→ (Z X
Y −Z
)
,
we obtain the following characterization:
KQ2 =
{(
Z X
Y −Z
)
∈ sl(2,C)
∣∣∣∣∣ Z2 +XY = 0
}
. (6.171)
On the other hand, since XB = SL(2,C)/B = CP1, it follows that
µ(KCP1) = 2%,
see Equation 6.103 and Equation 6.108. Hence, the embedding obtained from the very ample line
bundle K−1CP1 → CP1 provides that CP1 ∼= SL(2,C) · [v+2%], where v+2% is the highest weight vector
associated to V (2%). Now, since we can consider
V (2%) = (sl(2,C), ad), and v+2% =
(
0 1
0 0
)
, (6.172)
where ad: sl(2,C) → gl(sl(2,C)) is the adjoint representation, it is straightforward to see that the
image of CP1 ↪→ P(sl(2,C))
CP1 ∼=
{[(
Z X
Y −Z
)]
∈ P(sl(2,C))
∣∣∣∣∣ Z2 +XY = 0
}
. (6.173)
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From the above description we see that, in this particular case, we have
SO(3) = V2(R3) ∼= Z(Z2 +XY ) ∩ S5, (6.174)
so the link described by the previous procedure is not simply connected. the above description also
can be seen as a consequence of the fact that K−1CP1 = L
⊗2
χ% , such that Lχ% = OCP1(1), which implies
the following relation of sphere bundles:
Q(KCP1) = Q(Lχ%)/Z2 ∼= S3/Z2. (6.175)
From this, if we consider the manifold the manifold
M = Tot(K×CP1)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1, it follows that
M = Tot(K×CP1)/Γ
∼= S3 ×Z2 S1,
so applying Theorem 6.7 one obtains an embedding
R(Γ) : S3 ×Z2 S1 ↪→ HΓ =
(
sl(2,C)\{0}
)
/Γ. (6.176)
It is worth pointing out that, for the particular case that λ ∈ R+, such that λ < 1, it follows that
M = Tot(K×CP1)/Γ
∼= SO(3)× S1,
so from Theorem 6.7 we obtain an identification SO(3)× S1 ∼= Z(Z2 +XY )reg/Γ.
Remark (Kleinian singularities). Let H ⊂ SU(2) ⊂ SL(2,C) be a finite subgroup, the Kleinian
singularity attached to H is the quotient singularity defined by V (H) = C2/H. The orbit space
V (H) is an analytic variety (cf. [28], [80]) with an isolated singularity at the image of (0, 0) ∈ C2,
which we denote by o ∈ V (H). An important result of Felix Klein [70] shows that the V (H) can be
viewed as a hypersurface
V (H) ∼=
{
(X, Y, Z) ∈ C3
∣∣∣ P (X, Y, Z) = 0}, (6.177)
such that P is the relation between three fundamental generators I1, I2, I3 of the invariant ring
C[z1, z2]H of C2. In other words, we have a map I : C2 → C3, such that
I(z1, z2) =
(
I1(z1, z2), I2(z1, z2), I3(z1, z2)
)
,
which factorizes over the quotient V (H) = C2/H. The image of I is the zero set of P , i.e. im(I) =
Z(P ), so we have an isomorphism of varieties V (H) ∼= Z(P ). From the classification of finite
subgroups H ⊂ SU(2), see for instance [90], if one considers the particular case that H = Zn (finite
cyclic), it turns out that I1 = z
n
1 , I2 = −zn2 , I3 = z1z2, so we obtain
V (Zn) ∼= Z(Zn +XY ). (6.178)
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Therefore, we have the previous cone KQ2 is given by the Kleinian singularity V (Z2) ∼= C2/Z2.
Given a general Kleinian singularity V (H), since H ⊂ SU(2) preserves the usual Hermitian metric
on C2, it follows that it preserves all spheres centred at (0, 0) ∈ C2, so the radial deformation retract
of the punctured unit ball {z ∈ C2 | 0 < |z| ≤ 1} onto the boundary sphere S3 induces a deformation
retract of V1 = {[z] ∈ V (H) | 0 < |z| ≤ 1} onto the boundary ∂V1 = S3/H. Therefore, we have S3/H
as the link of the isolated singularity o ∈ V (H) (see Equation 6.175).
Given an isolated singularity V (Zn), associated to some Zn ⊂ SU(2), at first sight, we can always
resolve20 the singularity o ∈ V (Zn) by taking the Cartan-Remmert reduction
R : OCP1(−n)→ V (Zn), (6.179)
here one can consider the underlying smooth complex surface
Tot
(
OCP1(−n)
)
=
{
([z], w) ∈ CP1 × C2
∣∣∣ w1zn2 = w2zn1},
and R : ([z1 : z1], (w1, w2)) 7→ (t1, t2), such that tni = wi and t1z2 = t2z1, see for instance [80]. From
the adjunction formula, it can be shown that R∗KV (Zn) = KOCP1 (−n) if and only if n = 2 cf. [31,
Proposition 5.7]. Moreover, in the latter case, the manifold KCP1 = OCP1(−2) admits a complete
Calabi-Yau metric provided by the Calabi Ansatz [24], a.k.a. Eguchi-Hanson metric [36].
In order to understand the precise relation between the Hermitian-Einstein-Weyl metric on
SO(3)×S1 provided by Theorem 6.5 and the aforementioned Calabi-Yau metric on KCP1 , we observe
the following. If we consider the identification V (Z2) = KQ3, it follows that
V (Z2)\{o} = Ad
(
SL(2,C)
) · (0 1
0 0
)
, (6.180)
see Equation 6.171. From this, given a matrix W ∈ V (Z2)\{o}, it is straightforward to check that
W =
(
z1z2 z
2
1
z22 −z1z2
)
, (6.181)
i.e. W = W(z1, z2), where (z1, z2) ∈ C2\{(0, 0)}, so if one considers the inner product on sl(2,C)
defined by the paring 21:
(W1,W2) 7→ <
(
Tr(W1W†2)
)
,
∀W1,W2 ∈ sl(2,C), by following Remark 6.2.1, one can take F : V (Z2)\{o} → R+, such that
F (W) = Tr(WW†).
From Equation 6.181, it turns out that F (W(z1, z2)) = (|z1|2+|z2|2)2; moreover, if we take the smooth
function KEH : V (Z2)\{o} → R definded by
KEH(W) =
√
1 + 4Tr(WW†) + 1
2
log
[
4Tr(WW†)(
1 +
√
1 + 4Tr(WW†))2
]
, (6.182)
20For more details about resolutions of Kleinian singularities, in the general setting, we suggest [10], [34], [5].
21Here we consider W† = WT , ∀W ∈ M(2,C). It is worth mentioning that the Cartan-Killing form κ of sl(2,C) is
defined by κ(W1,W2) = 4Tr(W1W2), ∀W1,W2 ∈ sl(2,C).
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from the biholomorphism R : K×CP1 → V (Zn)\{o}, it follows from Equation 6.121 that
R∗KEH =
1
2
log
(
KH
)
+ Υ
(
KH
)
=
1
2
log
(
e2Υ(KH)KH
)
, (6.183)
where Υ: R+ → R, such that Υ(x) = √1 + 4x− log(1+
√
1+4x
2
) cf. [24]. The potential above defines a
2-form
ωEH =
√−1∂∂(R∗KEH) =
√−1
2
∂∂ log
(
KH
)
+
√−1∂∂Υ(KH),
on K×CP1 which extends smoothly and unique to KCP1 defining the Eguchi-Hanson Calabi-Yau metric.
The Calabi-Yau manifold (KCP1 , ωEH) is an example of asymptotically locally Euclidean (ALE) space,
for more details on the constriction of ALE spaces see [49], [60] and [77].
By considering the Higgs field θg on SO(3)×S1 associated to the Hermian-Einstein-Weyl structure
([g], D, J) provided by Theorem 6.5, from Equation 6.183 we have (locally) the following relation
1
2
θg = −1
2
d log
(
KH(z, w)
)
= −d
(
R∗KEH(z, w)
)
+ dΥ(z, w), (6.184)
notice that KH(z, w) = (1 + |z|2)2ww (see Example 6.3), which implies that (locally)
R∗KEH(z, w) =
√
1 + 4(1 + |z|2)2ww + 1
2
log
[
4(1 + |z|2)2ww(
1 +
√
1 + 4(1 + |z|2)2ww)2
]
, (6.185)
cf. [86]. The ideas above provide a unified background in terms of representation theory for the
Hermitian-Einstein-Weyl geometry on SO(3)×S1 and the Calabi-Yau geometry on KCP1 = OCP1(−2).
Remark. It is worth mentioning that the description provided in 6.169 for the Stiefel manifold V2(RN)
fits in a more general context. Actually, given a (d + 1)-tuple a = (a0, . . . , ad), with aj ∈ Z>0, such
that aj ≥ 2, j = 0, . . . , d, we can consider the Brieskorn-Pham polynomial P : Cd+1 → C given by
P (z) = za00 + · · ·+ zadd , ∀z ∈ Cd+1.
see for instance [42], [22]. From this, we obtain a complex hypersurface with an isolated singularity
at 0 ∈ Cd defined by
V (a) = Z(P ) =
{
za00 + · · ·+ zadd = 0
}
, (6.186)
the singular affine variety defined above is an example of singular Brieskorn variety [22], [21]. The
example above of singular affine variety plays an important role in the study homotopy spheres and
exotic spheres. Being more precise, in [59] Hirzebruch showed that links (a.k.a. Brieskorn-Pham
manifolds) of the form
Σ(a) = V (a) ∩ S2d+1, (6.187)
can sometimes be homeomorphic, but not diffeomorphic to standard spheres. Moreover, as shown by
Egbert V. Brieskorn in [21], links of the form
Σ(2, 2, 2, 3, 6k − 1) =
{
z20 + z
2
1 + z
2
2 + z
3
3 + z
6k−1
4 = 0
}
∩ S9, (6.188)
with k = 1, . . . , 28, realize explicitly all the distinct smooth structures on the 7-sphere S7 classified by
Michel Kervaire and Milnor in [68], see also [91]. From the brief comments above, supposing d = N ,
we have that
V2(RN) = Σ(2, . . . , 2), (6.189)
further, it follows that Σ(2, . . . , 2)× S1 ∼= V (2, . . . , 2)reg/Γ, see Equation 6.170.
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Remark. An interesting characterization of V2(RN) which is worth mentioning, can be described as
follows. Let (M, g) be a Riemannian manifold, the tangent sphere bundle of radius r0 over (M, g) is
the hypersurface defined by
Tr0M =
{(
p; v
) ∈ TM ∣∣∣ gp(v, v) = r0}. (6.190)
For the particular case that r0 = 1, T1M is called the unit tangent bundle of (M, g). Also, by
considering the natural projection map pi : T1M → (M, g), such that pi(p; v) = p, ∀(p; v) ∈ T1M ,
it follows that pi−1(p) ∼= Sd−1, ∀p ∈ M , where d = dim(M). If one considers (SN−1, g0), such that
go = 〈·, ·〉|SN−1 , where 〈·, ·〉 is the canonical inner product on RN , since
TSN−1 =
{(
p; v
) ∈ SN−1 × RN ∣∣∣ 〈p, v〉 = 0},
it follows that T1S
N−1 = V2(RN). Notice that, for the both particular cases N = 4 and N = 8, since
S3 and S7 are, respectively, parallelizable [18], it follows that
T1S
3 = S3 × S2 and T1S7 = S7 × S6, (6.191)
thus we have V2(R4) = S3 × S2 and V2(R8) = S7 × S6. Moreover, from the previous comments, for
the latter case we obtain
S7 × S6 × S1 ∼= V (2, . . . , 2)reg/Γ,
such that V (2, . . . , 2) = {(z1, . . . , z8) ∈ C8 | z21 + · · · + z28 = 0}. It is worth mentioning that by
applying Theorem 6.5, we recover the result introduced in [103] on (locally Ricci-flat) l.c.K. structures
on V2(RN)× S1 (N > 4). The case N = 4 is presented in details below.
Now, by considering N = 4, we observe that from the characterization 6.166, it follows that
S1 ↪→ V2(R4)→ Q3 ∼= Spin(4)/Spin(2)× Spin(2). (6.192)
Moreover, since Spin(4) = SU(2)× SU(2), see Remark 6.3.2, and Spin(2) = U(1), we have
Q3 ∼= CP1 × CP1. (6.193)
the above description shows that this particular case is different from the previous ones, in fact,
one can see that b2(QN−1) = 1, ∀N > 4, and b2(Q3) = 2, notice that Q3 is a full flag manifold
(cf. Example 6.4). Therefore, in order to describe in terms of elements of representation theory the
projective embedding of 6.193, we need to proceed slightly different from the previous cases. In what
follows, for the sake of simplicity, by following Remark 6.3.2 we shall denote
spin4(C) = sl(α1)× sl(α2). (6.194)
From the characterization above, the irreducible spin4(C)-modules can be described by means of
irredicible sl(2,C)-modules as follows: Given an integral weight µ`1,`2 = `1ωα1 + `2ωα2 , `i ∈ Z≥0, one
can consider the irreducible spin4(C)-module defined by the linear representation
V (µ`1,`2) =
(
V (`1ωα1) V (`2ωα2), ρ`1  ρ`2
)
, , (6.195)
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where ρ`1 : sl(αj) → gl
(
V (`jωαj)
)
is an irreducible sl(αj)-module, j = 1, 2, here the symbol “”
stands for the tensor product of irreducible representations of two different Lie algebras (Deligne’s
tensor product). Notice that the action of spin4(C) on V (µ`1,`2) through the characterization 6.194 is
given by
ρ`1  ρ`2(X, Y )(v1  v2) =
(
ρ`1(X)v1
)
 Y +X 
(
ρ`2(Y )v2
)
,
∀(X, Y ) ∈ spin4(C) = sl(α1) × sl(α2), ∀vj ∈ V (`jωαj), j = 1, 2. In what follows, on Lie group level,
we also denote by ρ`1 : SL(αj)→ GL
(
V (`jωαj)
)
the induced irreducible SL(αj)-module, j = 1, 2.
Now, back to the geometric setting, since
Pic(Q3) = Zc1
(
Oα1(1)
)⊕ Zc1(Oα2(1)), (6.196)
given a negative line bundle L ∈ Pic(Q3), such that L = Oα1(−`1) ⊗ Oα2(−`2), `j ∈ Z>0, j = 1, 2,
from the Borel-Weil theorem it follows that
H0(Q3, L−1)∗ = V (µ(L)) = V (`1ωα1) V (`2ωα2),
notice that µ(L) = `1ωα1 + `2ωα2 . By observing that I(Q3) = 2, i.e.
µ(KQ3) = 2% = 2
(
ωα1 + ωα2
)
,
see Equation 6.108, we obtain OQ3(−1) = Oα1(−1)⊗Oα2(−1). The very ample line bundle OQ3(1)→
Q3 provides a projective embedding
ι : Q3 ↪→ Proj
(
H0(XP ,OQ3(1))
∗), (6.197)
whose the image is defined by the projective orbit ι(Q3) = Spin4(C) · [v+ωα1  v+ωα2 ]. By considering
V (ωαj) = C2, it follows that v+ωαj = e1, j = 1, 2, so we have
H0(XP ,OQ3(1))
∗ = C2  C2.
Therefore, if we consider the tensor product C2  C2 =
(
M(2,C),
)
, such that
 :
(
(u1, u2), (v1, v2)
) 7→ (u1v1 u1v2
u2v1 u2v2
)
,
∀(u1, u2), (v1, v2) ∈ C2, we obtain
Q3 ∼=
{[W] ∈ P(M(2,C)) ∣∣∣ det(W) = 0}. (6.198)
Remark (Segre embedding). It is worth pointing out that the above description recovers the Segre
embedding CP1 × CP1 ↪→ CP3. In fact, if one considers the identification C4 ∼= M(2,C) defined by(
X,U, V, Y
)←→ (X U
V Y
)
,
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from the Segre embedding CP1 × CP1 ↪→ CP3, ([z1 : z2], [w1 : w2]) 7→ [z1w1 : z1w2 : z2w1 : z2w2], it
follows that
CP1 × CP1 ∼=
{[
X : U : V : Y
] ∈ CP3 ∣∣∣ XY − UV = 0}.
Hence, the projective embedding defined by 6.197 is precisely the Segre embedding.
From the projective algebraic realization 6.198 we have the affine cone KQ3 ⊂ M(2,C) defined
by the HV-veriety Y = Spin4(C) · (e1  e1), i.e., the conifold22
KQ3 =
{
W ∈ M(2,C)
∣∣∣ det(W) = 0}, (6.199)
notice that Tot(OQ3(−1)×) ∼=
(
KQ3
)
reg
= Spin4(C) · (e1  e1).
Remark. In what follows it will important for us to consider the inner product 〈·, ·〉 : M(2,C) ×
M(2,C)→ R, such that 〈W1,W2〉 = <(Tr(W1W†2)), (6.200)
∀W1,W2 ∈ M(2,C). Notice that, from the identification C4 ∼= M(2,C) provided in Remark 6.3.2, it
follows that the inner product described above coincides with the canonical inner product in C4.
As we have seen previously, we can realize V2(R4) ⊂ S3 × S3, so by considering
S3 =
{
(z1, z2) ∈ C2
∣∣ |z1|2 + |z2|2 = 1},
we obtain an identification
V2(R4) ∼= KQ3 ∩ S7. (6.201)
In fact, since
S7 =
{
W ∈ M(2,C)
∣∣∣ Tr(WW†) = 1},
and S3 ∼= SU(2) through the correspondence
(z1, z1)←→
(
z1 −z2
z2 z1
)
,
we can define a smooth map I : SU(2)× SU(2)→ M(2,C), such that
I :
(
(u1, u2), (v1, v2)
) 7→ ((u1 −u2
u2 u1
)
· e1
)

((
v1 −v2
v2 v1
)
· e1
)
=
(
u1v1 u1v2
u2v1 u2v2
)
,
∀((u1, u2), (v1, v2)) ∈ SU(2)× SU(2). It is straightforward to see that
det(I(u, v)) = 0, and Tr
(
I(u, v)I(u, v)†
)
= 1,
22 The conifold has been playing an important role in the study of conformal field theory and string theory, e.g. [26],
[69].
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∀(u, v) ∈ SU(2) × SU(2), so we have I(Spin(4)) ⊂ KQ3 ∩ S7. Also, by considering the Iwasawa
decomposition of SL(2,C), and the fact that Spin4(C) = SL(2,C)× SL(2,C), one can see that
KQ3 ∩ S7 = Spin4(C)(e1  e1) ∩ S7 = Spin(4)(e1  e1) ∩ S7.
Hence, considering the (proper) smooth action of Spin(4) = SU(2)×SU(2) on M(2,C) (induced from
the associated representation) it follows that
I(Spin(4)) = Spin(4)(e1  e1) = KQ3 ∩ S7.
Therefore, since the isotropy subgroup of e1  e1 with respect to the aforementioned action is given
by U(1) = Spin(2) ⊂ Spin(4), the diffeomorphism 6.201 is obtained from the following commutative
diagram:
Spin(4)
Spin(4)/Spin(2) KQ3 ∩ S7
pi I
I˜
Notice that I˜ : V2(R4) → KQ3 ∩ S7 satisfies I˜ ◦ pi = I, where pi : Spin(4) → Spin(4)/Spin(2) is the
natural projection. From Remark 6.3.2 and the above comments, we obtain
KQ3 ∩ S7 ∼= V2(R4) = S3 × S2.
Remark. As we have seen, the manifold defined by KQ3∩S7 is also identified with the sphere bundle
of OQ3(−1) via Cartan-Remmert reduction, it is also denoted by T 1,1 = KQ3 ∩ S7. In general, from
Equation 6.196, for any holomophic line bundle
L = Oα1(−p)⊗ Oα2(−q)→ Q3,
such that p > q are relatively prime, we have that the sphere bundle Y p,q = Q(L) is diffeomorphic
to S2× S3, e.g., [126]. It is worth mentioning that the manifolds Y p,q admits Sasaki-Einstein metrics
different from the homogeneous one, see for instance [48], due to their application in AdS/CFT cor-
respondence they have been widely studied by mathematicians and physicists, see [87] and references
therein.
Now, if one considers the manifold
M = Tot(OQ3(−1)×)/Γ, where Γ =
{
λn ∈ C×
∣∣∣∣ n ∈ Z},
for some λ ∈ C×, such that |λ| < 1, it follows that
M = Tot(OQ3(−1)×)/Γ ∼= V2(R4)× S1 = S3 × S2 × S1.
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Therefore, by applying Theorem 6.7, one obtains an embedding
R(Γ) : S3 × S2 × S1 ↪→ HΓ =
(
M(2,C)\{0}
)
/Γ, (6.202)
which can be explicitly described by
R(Γ)
(
℘1([(g, h), w])
)
=
[(
g11h11 g11h21
g21h11 g21h21
)
w
]
Γ
, (6.203)
∀[(g, h), w] ∈ Tot(OQ3(−1)×), such that ℘1 : Tot(OQ3(−1)×) → S3 × S2 × S1, notice that (g, h) ∈
Spin4(C) = SL(2,C)× SL(2,C).
Remark. Considering CP1 ∼= S2, the ideas developed in this last example provide a complete under-
standing, in terms of the representation theory of SL(2,C), for the the different types of geometric
structures arising from the following diagram:
S3 × S2 × S1 S3 × S2 S2 × S2 S2
S3 × S1 S3 S2 {pt}
The different types of geometries which we have in both upper and lower horizontal sequence of
fibrations are, respectively, from the left to the right side of the diagram, Hermitian-Einstein-Weyl,
Sasaki-Einstein and Ka¨hler-Einstein cf. [103].
As we have seen in Example 6.3, the geometric structures on the lower sequence of fibrations in the
aforementioned diagram can be obtained from a suitable Ka¨hler potential KH : Tot(OCP1(−1)×) →
R+. From the result provided in Theorem 6.5, the same can be done when one considers the upper
line of the fibrations. In fact, in this case one can consider KH : Tot(OQ3(−1)×)→ R+ such that
KH
(
z, w
)
=
(∣∣∣∣sU(z)v+2%∣∣∣∣2) 1I(Q3)ww = (∣∣∣∣sU(z)(e1  e1)∣∣∣∣2) 2I(Q3)ww (6.204)
where sU : U ⊂ Q3 → Spin4(C) is some local section and || · || is the norm induced by the Spin(4)-
invariant inner product defined in 6.200. Therefore, if one considers the opposite big cell U = N−x0 ⊂
Q3, from the fact that Spin4(C) = SL(2,C)× SL(2,C), we obtain a parameterization
z = (z1, z2) ∈ C2 7→
(
n(z1)× n(z2)
)
x0 ∈ U ,
such that
n(zj) =
(
1 0
zj 1
)
, ∀zj ∈ C, j = 1, 2.
From this, if we consider the local section sU : U ⊂ Q3 → Spin4(C), defined by
sU :
(
n(z1)× n(z2)
)
x0 7→ n(z1)× n(z2),
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since I(Q3) = 2, the Ka¨hler potential 6.204 is given explicitly by
KH
(
z, w
)
= Tr
[(
1 z2
z1 z1z2
)(
1 z2
z1 z1z2
)† ]
ww. (6.205)
As we have seen, from the potential above one can derive a Ka¨hler-Einstein metric on Q3 ∼= S2× S2,
a Sasaki-Einstein metric on V2(R4) = S3 × S2 and a Hermitian-Einstein-Weyl structure on
S3 × S2 × S1 ∼= (KQ3)reg/Z.
In this latter case, from Theorem 6.5, we have the homogeneous Hermitian-Einstein-Weyl metric g
on S3 × S2 × S1 completely determined by the Lee form
θg = −d log
{
Tr
[(
1 z2
z1 z1z2
)(
1 z2
z1 z1z2
)† ]}
− wdw + wdw|w|2 . (6.206)
Therefore, we have a complete description of different types of geometric structures on the manifolds
of the latter diagram in terms of elements of representation theory of SL(2,C) (cf. [103]).
Remark (Conifold deformation). In the setting of the example described above, consider the analytic
complex function
P : M(2,C)→ C, W 7→ det(W).
From the function above we obtain a family of analytic spaces (X)≥0, such that
X = P
−1(2) =
{
W ∈ M(2,C)
∣∣∣ det(W) = 2}
for every  ≥ 0. For  = 0, we have X0 = KQ3, and for  > 0 we have a smooth analytic space X
which is in fact Calabi-Yau. Being more precise, by considering the smooth function
r2 : X → [2,+∞), W 7→ Tr
(WW†),
the (Stenzel’s [111]) Calabi-Yau metric ω =
√−1∂∂K is obtained by solving the homogeneous
Monge-Ampe`re equation (√−1∂∂K)3 = 0, (6.207)
for the ansatz K = F(r2), for some smooth function F : [2,+∞) : R. Since in this latter case we
have
ω =
√−1
[
F ′Tr
(
dW ∧ dW†)+ F ′′ Tr(dW) ∧ Tr(dW†)], (6.208)
the problem of solving the aforementioned homogeneous Monge-Ampe`re equation reduces to the
problem of solving the ordinary differential equation
Tr
(WW†)(F ′)3 + (Tr(WW†)2 − 4)(F ′)2F ′′ = 1. (6.209)
In order to solve the ordinary differential equation above, we consider the following: By taking the
linear complex change of variables on M(2,C) defined by
X = z1 +
√−1z4, U =
√−1(z2 +
√−1z3), Y = z1 −
√−1z4, V =
√−1(z2 −
√−1z3), (6.210)
such that (z1, . . . , z4) ∈ C4, since
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T ∗S3 =
{(
p; v
) ∈ S3 × R4 ∣∣∣ 〈p, v〉 = 0},
from the previous change of variables we obtain a diffeomorphism W : T ∗S3 → X, such that(
p; v
) 7→ (p cosh(|v|) +√−1sinh(|v|)|v| v
)
,
notice that, ∀(p; v) ∈ T ∗S3, we have that W(p; v
)
is a matrix whose the entries are determined by
the functions
zj(p; v) = 
(
pj cosh(|v|) +
√−1sinh(|v|)|v| vj
)
, j = 1, . . . , 4, (6.211)
subjected to the linear relations 6.210. From this, we have
r2(p; v) = Tr
(
(W(p; v)W(p; v)†
)
= 2 cosh(2|v|), (6.212)
notice that on the left side of the equation above we have W∗ (r2) = r2 ◦ W. Therefore, by taking
t = 2|v|, the pullback23 of Equation 6.209 by the diffeomorphism W provides
2 cosh(t)(F ′)3 +
2 sinh(t)
3
d
dt
(F ′)3 = 1 (6.213)
such that r2 = 2 cosh(t). The ordinary differential equation above can be solved by means of the
integrating factor given by
F ′(t) =
( 3
42
) 1
3
3
√
sinh(2t)− 2t
sinh(t)
, (6.214)
∀t ∈ [0,∞), such that r2 = 2 cosh(t). From the expression above, we can set
Υ′
(
Tr
(WW†)) = F ′( cosh−1 (Tr(WW†)2 ))− 1, ∀W ∈ X (6.215)
and obtain a complete Calabi-Yau metric ω on X, ∀ > 0, such that K = r2 + Υ(r2), i.e.
ω =
√−1
[
Tr
(
dW ∧ dW†)+ ∂∂(Υ(Tr(WW†)))], (6.216)
see Equation 6.208. For  = 0, by looking at the homogeneous Monge-Ampe`re equation associated to
some ansatz K0 = F0(r2), we obtain the following ordinary differential equation
Tr
(WW†)(F ′0)3 + Tr(WW†)2(F ′0)2F ′′0 = 1. (6.217)
By considering the initial condition F0(0) = 0, the solution for the equation above is
F0(Tr
(WW†)) = (3
2
) 4
3 3
√
Tr
(WW†)2,
23Despite the fact that T ∗S3 is not a complex submanifold of R4 × R4 ∼= C4, it can be endowed with a complex
structure by pulling back the complex structure of X through the diffeomorphism W : T ∗S3 → X. From this, we
can pullback the homogeneous Monge-Ampe`re equation 6.207, which leads to the ordinary differential equation 6.213.
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so we have
K0(W) =
(3
2
) 4
3 3
√
Tr
(WW†)2, (6.218)
and obtain a (singular) Calabi-Yau metric ω0 on X0 = KQ3 given by
ω0 =
√−1∂∂(K0(W)). (6.219)
In the setting of the construction above, the 1-parameter family of Calabi-Yau manifolds (X, ω)>0
is called a deformation of the singular Calabi-Yau manifold (X0, ω0).
We observe that, by considering the biholomorphism R : Tot(OQ3(−1)×)→
(
KQ3
)
reg
, it follows
that
KH = r
2 ◦R = R∗(r2),
see Equation 6.121 and Remark 6.3.2, so we have that
R∗ω0 =
√−1∂∂F0(KH). (6.220)
Therefore, if we denote KSt = F0(KH), by considering the Higgs field θg on S3 × S2 × S1 associated
to the Hermian-Einstein-Weyl structure ([g], D, J) provided by Theorem 6.5, from Remark 6.3.2 we
have (locally) the following relation
θg = −d log
(
KH(z, w)
)
= −3
2
d log
(
KSt(z, w)
)
, (6.221)
here we consider the local expression of KH(z, w) given in Equation 6.205, notice that
KSt(z, w) =
(3
2
) 4
3
{
Tr
[(
1 z2
z1 z1z2
)(
1 z2
z1 z1z2
)† ]
ww
} 2
3
. (6.222)
The ideas described above provide a constructive method in which the homgeneous Hermian-Einstein-
Weyl geometry of S3×S2×S1 is related to the Calabi-Yau geometry of the family (X, ω)>0 at the
limit → 0.
6.3.3 Cones over Segre varieties
In this subsection, we will show how some ideas involved in the computation for the particular example
of CP1×CP1, provided in the previous section, can be naturally generalized for an arbitrary product
XP1 × XP2 , where XPj = GCj /Pj is a flag manifold associated to a pair (GCj , Pj), such that GCj is a
simply connected complex simple Lie group, and Pj ⊂ GCj is some parabolic Lie subgroup, j = 1, 2.
In order to generalize the ideas of the particular example CP1×CP1 described previously, in the
setting introduced above we consider the following facts:
1. RepC
(
GC1 ×GC2
)
= RepC
(
GC1
)
RepC
(
GC2
)
, where RepC
(
GCj ) is the category of representations
of GCj over C, j = 1, 2, and the symbol “” stands for Deligne’s tensor product (e.g. [38])24;
24Notice that O(GC1 ×GC2 ) = O(GC1 )⊗ O(GC2 ), and O(GCj ) =
⊕
V ∈RepC
(
GCj
) End(V ), j = 1, 2, see for instance [107].
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2. Given Lj ∈ Pic(XPj), and pij : XP1×XP2 → XPj , j = 1, 2, denoting L1L2 :=
(
pi∗1L1
)⊗(pi∗2L2),
from the Ku¨nneth formula25, we have
H0
(
XP1 ×XP2 , L1  L2
) ∼= H0(XP1 , L1)H0(XP2 , L2).
From the facts listed above, given L1  L2 ∈ Pic(XP1 × XP2), such that c1(Lj) < 0, by identifying
XP1
∼= GCj · [v+µ(Lj)], j = 1, 2, one can consider the Segre embedding defined by
XP1 ×XP2 ⊂ P(V (µ(L1)))× P(V (µ(L2))) ↪→ P
(
V (µ(L1)) V (µ(L2))
)
.
For the sake of simplicity, let us denote X = XP1 × XP2 . From the embedding defined above, we
obtain
X ∼= GC1 ×GC2 ·
[
v+µ(L1)  v
+
µ(L2)
]
,
and
Tot
(
(L1  L2)×
) ∼= C(XP , L1  L2)reg = GC1 ×GC2 · (v+µ(L1)  v+µ(L2)), (6.223)
where C(X,L1  L2) denotes the affine cone over the image of the Segre embedding.
Now, if we consider a smooth section sU : U ⊂ X → GC1 × GC2 , by fixing a G1 × G2-invariant
inner product 〈·, ·〉 on V (µ(L1)) V (µ(L2)), we can consider KH : Tot
(
(L1  L2)×
)→ R+, such that
(locally)
KH
(
z, w
)
=
(∣∣∣∣sU(z)(v+µ(L1)  v+µ(L2))∣∣∣∣2)ww. (6.224)
The smooth function above defines a Ka¨hler potential which allows us to equip the diagram below
with geometric structures as follows:(
Tot
(
(L1  L2)×
)
, ωC , JC
) (
Tot
(
(L1  L2)×
)
/Γ, g, J
) (
Q(L1  L2), gQ(L1L2), φ, ξ, η
)
(X,ωX)
C×
Γ
T 1C
S1
S1
Similarly to the construction presented in Subsection 3.2, the geometric structures obtained from KH
are:
• (Tot((L1  L2)×), ωC , JC ) and (X,ωX) (Ka¨hler structures);
• (Tot((L1  L2)×)/Γ, g, J) (l.c.K. structure);
• (Q(L1  L2), gQ(L1L2), φ, ξ, η) (Sasaki structure).
In order to make more clear the expression of 6.224, we fix a Gj-invariant inner product 〈·, ·〉j on
V (µ(Lj)), so from this we can take an orthonormal basis f
(j)
1 = v
+
µ(Lj)
, f
(j)
1 , . . . , f
(j)
dj
for V (µ(Lj)), here
we suppose dimC(V (µ(Lj))) = dj, and obtain an isomorphism V (µ(Lj)) ∼= Cdj , j = 1, 2. Now, we
can write
25See for instance [67].
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gP1 ∈ XP1 7→
[
u1(g) : . . . : udj(g)
] ∈ CPd1−1 and gP2 ∈ XP2 7→ [v1(g) : . . . : vdj(g)] ∈ CPd2−1.
Therefore, if we consider the (outer) tensor product Cd1  Cd2 =
(
Md1×d2(C),
)
, such that
 :
(
(u1, . . . , ud1), (v1, . . . , vd2)
) 7→
 u1v1 · · · u1vd2... . . . ...
ud1v1 · · · ud1vd2
,
∀(u1, . . . , ud1) ∈ Cd1 and ∀(v1, . . . , vd2) ∈ Cd2 , we obtain(
gP1, hP2
) ∈ XP1 ×XP2 7→ [W (g, h)] ∈ P(Md1×d2(C)).
such that W (g, h) = (Wij(g, h)), where Wij(g, h) = ui(g)vj(h), for i = 1, . . . , d1, and j = 1, . . . , d2.
From this, if we consider U = U1 ×U2, such that Uj = Ru(Pj)−Pj ⊂ XPj (opposite big cell), j = 1, 2,
we obtain a parameterization
Z = (z1, z2) ∈ Cm1 × Cm2 7→
(
n(z1)P1, n(z2)P2
) ∈ U ,
such that dimC(XPj) = mj, j = 1, 2. Then, we consider the local section sU : U ⊂ XP1 × XP2 →
GC1 ×GC2 , defined by
sU :
(
n(z1)P1, n(z2)P2
) 7→ (n(z1), n(z2)).
Now, as before, we can take the inner product 〈·, ·〉 : Md1×d2(C)×Md1×d2(C)→ R, such that〈
W1,W2
〉
= <
(
Tr
(
W1W
†
2
))
,
∀W1,W2 ∈ Md1×d2(C), here we consider W † = W T . Notice that
Tr
(
(u v)(u v)†
)
=
∣∣∣∣u∣∣∣∣2
1
∣∣∣∣v∣∣∣∣2
2
,
so we have the the inner product above is G1 × G2-invariant. From the data above, the potential
6.224 can be written as
KH
(
Z,w
)
= Tr
(
W (z1, z2)W (z1, z2)
†)ww = (∣∣∣∣sU1(z1)v+µ(L1)∣∣∣∣21∣∣∣∣sU2(z2)v+µ(L2)∣∣∣∣22)ww, (6.225)
such that sUj : Uj ⊂ XPj → GCj , n(zj)Pj 7→ n(zj), j = 1, 2.
From the construction above, if one considers the particular case that X = CPm×CPm, by taking
OCPm(−1) OCPm(−1)→ CPm × CPm,
we obtain the Segre embedding
CPm × CPm ↪→ P(Cm+1  Cm+1) ∼= P(M(m+ 1,C)).
By identifying CPm×CPm with its image through the Segre map above, we can consider the principal
circle bundle
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S1 ↪→ Vm,m → CPm × CPm,
such that
Vm,m =
(
SL(m+ 1,C)× SL(m+ 1,C)(e1  e1)) ∩ S2(m+1)2−1. (6.226)
Now, by considering the same Lie-theoretical data as in Example 6.3, in this particular, the potential
given in Equation 6.225 takes the following concrete expression:
KH(Z,w) =
(
1 +
m∑
k=1
|zk|2
)(
1 +
m∑
k=1
|z′k|2
)
ww, (6.227)
here we consider coordinates Z = (z, z′) ∈ Cm1 × Cm2 ∼= U ⊂ CPm × CPm. As we have mentioned,
the potential above allows to obtain different types of geometric structures, particularly, we have from
the potential above a Sasaki structure (g, φ, ξ, η) on Vm,m. In fact, it is not difficult to see that
e
(
Vm,m
)
= c1
(
OCPm(−1) OCPm(−1)
)
,
so by identifying Vm,m with the sphere bundle of OCPm(−1)OCPm(−1), we obtain the desired Sasaki
structure (g, φ, ξ, η) as in Equation 3.23. Notice that the underlying contact structure η on Vm,m can
be described locally as
η =
1
2
[
dc log
(
1 +
m∑
k=1
|zk|2
)
+ dc log
(
1 +
m∑
k=1
|z′k|2
)]
+ dσU , (6.228)
so we have dη = pi∗ωCPm×CPm , such that ωCPm×CPm is a Ka¨hler structure on CPm × CPm, satisfying
Ric
(
ωCPm×CPm
)
= (m+ 1)ωCPm×CPm . (6.229)
Therefore, after a suitable D-homothetic transformation on (g, φ, ξ, η), such that
a =
m+ 1
2m+ 1
,
see Remark 6.1.2, we obtain an explicitly Sasaki-Einstein structure (ga, φ,
1
a
ξ, aη) on Vm,m, whose the
associated Sasaki-Eisntein metric is given by
ga =
m+ 1
2m+ 1
(
1
2
dη(id⊗ φ) + m+ 1
2m+ 1
η ⊗ η
)
. (6.230)
Further, proceeding as in the proof of Theorem 6.5, we obtain from the previous potential a (locally
Ricci-flat) l.c.K. structure (Ω, J, θ) on Vm,m × S1 completely determined by the Lee form
θ = −
[
d log
(
1 +
m∑
k=1
|zk|2
)
+ d log
(
1 +
m∑
k=1
|z′k|2
)]
− wdw + wdw|w|2 . (6.231)
Therefore, the general construction described above for X = XP1×XP2 provides a constructive explicit
method to generalize the results introduced in [103] on Sasaki-Einstein metrics on Vm,m and (locally
Ricci-flat) l.c.K. structures on Vm,m × S1.
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